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ABSTRACT 

A survey of self-dual codes, written for the Handbook of Coding Theory. 

Self-dual codes are important because many of the best codes known are of this type and 
they have a rich mathematical theory. Topics covered in this chapter include codes over F2, F3, 
F4, Fq, Z4, Zm, shadow codes, weight enumerators, Gleason-Pierce theorem, invariant theory, 
Gleason theorems, bounds, mass formulae, enumeration, extremal codes, open problems. There 
is a comprehensive bibliography. 



1. Self-dual codes over rings and fields 



1.1. Inner products 

There are several different kinds of self-dual codes. Let F be a finite set called the alphabet 
(e.g. F = {0, 1} for binary codes). A code C over F of length n is any subset of F". If F has the 
structure of an additive group then C is additive if it is an additive subgroup of F " . If F has a 
ring structure then C is linear over F if it is additive and also closed under multiplication by 
elements of F. (We will always assume that multiplication in F is commutative.) 

In order to define dual codes we must equip F with an inner product (cf. |178f| , |201[| ). We 
denote this by ( , ) and require that it satisfy the following conditions: 

(x + y,z) = {x,z) + {y,z) , 
{x,y + z) = {x,y) + {x,z) , 
if (x, y) = for all x then y = , 
if (x, y) = for all y then x = . 

To define the dual of a linear code we impose the further condition that F has a conjugacy 
operation, or "involutory anti-automorphism" (which may be the identity), denoted by a bar, 
which satisfies 

X = X, x + y = x + y, xy = xy. 
The inner product must then satisfy 

{x,y) = {y,x), {ax,y) = {x,ay) . 

The inner product of vectors x = (xi, . . . , x^), y = (yi, . . . , y-n) in F" is defined by 

n 

(a;,y) = J2(^i'yi) ■ 

i=l 

1.2. Families of self-dual codes 

Families (2) through (m^) include the most important families of codes we will consider in 
this chapter. 

(2) Binary linear codes: F = F2 = {0, 1}, with inner product (x, y) = xy, C = subspace of ¥2- 

(3) Ternary linear codes: F = F3 = {0, 1, 2}, (x, y) = xy, C = subspace of F3*. 



(4^) Quaternary linear codes: F = F4 = {0, 1,00,^"^}, where uj"^ + uj + 1 = 0, uj^ = 1, x = x"^ 
for x G F4, with the Hermitian inner product {x,y) = xy, C = subspace of F^^. Note that for 
x,y G F4, (x + y)^ = + y^, x^ = x. 

(4^) Quaternary linear codes: F = F4, but with the Euclidean inner product {x,y) = xy. 
(4^"'') Quaternary additive codes: F = F4, with {x,y) = xy"^ + x'^y = trace(xy) (the trace from 
F4 to F2); C = additive subgroup of F4*. 

For completeness we should also mention family 4^"*", quaternary additive codes with the 
Euclidean trace inner product: F = F4, with {x,y) = xy + {xy)'^ = trace(xy) (the trace from 
F4 to F2); C = additive subgroup of Fl*. However, the map 

X = ujxi + uJx2 G F4 ^ X1X2 G F2^" 

shows that these codes are equivalent to binary codes from family 2 with a particular pairing 
of the coordinates. Since we don't know any interesting examples of this family other than 
linear codes, we shall say no more about them. 

(g^) Linear codes over ¥q (or g-ary linear codes), where q is an even power of an arbitrary 
prime p, with x = x^ for x G Fg, (x,y) = xy, C = subspace of F^". Note that for x,y £ ¥q, 
{x + y)v^ = x^ + yv^, x'' = X. 

(q^) Linear codes over ¥q, but with (x, y) = xy. If g is a square, family q^ is generally preferred 
to q^. 

(4^) Z4-linear codes: F = Z4 = {0,1,2,3}, with {x,y) = xy (mod 4), C = linear subspace[| of 
K. 

(m^) F = Zfn = Z/mZ, where m is an integer > 2, with (x,y) = xy (mod m), C = linear 
subspac^ of ZJ^. 

Note that for the families 2, 3, 4^, m^, an additive code is automatically linear. 
The following families are less important for our present purposes: 
(Fl) Linear codes over ¥q[u]/{u'^), where u is an indeterminate, with u = —u, {x,y) = xy. 



(References |^ and [101] consider such codes, as well as a noncommutative variant.) 
(F2) Additive codes over F4, with {x, y) = xy. 

If we relax the requirement that F be commutative and finite, we can add: 
(F3) Linear codes over the p-adic integers. 

(F4) Codes over Frobenius rings. 

^Strictly speaking, a Z4-submodule. 
^Strictly speaking, a Zm-submodule. 
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(F5) Lattices in (see Section |T4|). 

1.3. The dual code 

Once we have specified a family of codes by giving F and an inner product we can define 
the dual of a code C to be 

C^ = {ue F" : (n, v) = for all v e C} . 

The dual of a binary linear code (family 2) is again a binary linear code. Similarly, the dual of 
a code in any of families 3 through is again a code of the same family. For family 4^+, the 
dual of an additive code is additive; if C is also linear so is C"*", and then C"*" coincides with 
the dual in family 4^. The dual in family 4^ is the conjugate of the dual in family 4^. 
For families 2 through it is easily checked that we have 

\c\\c^\ = \¥r, (1) 

which implies 

(C^)^ = C . (2) 
In general, however, we can say only that 

C C (C^)^ . 

In particular, (^) does not necessarily hold for family F2 (consider, for example, the code 
{00, 11} which has dual {00, 11,ujuj,lJlJ}, containing only 4 words). 

1.4. Self-dual codes 

If C = C"*" then C is said to be self-dual. If C C C"*", C is self- orthogonal. (In the past, some 
authors have used "self-orthogonal" and "weakly self-orthogonal" for these two concepts.) 
In families 2 through m^, if C is self-dual then 

\C\ = |Fr/2 ^ (3) 

and if |F| is not a square then n must be even. In particular, if C is linear over a field, then 
n is even and C is a subspace of dimension n/2. The only families from 2 through that 
contain self-dual codes of odd length are 4^"*", 4^ and with m a square. 
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Remarks about the final three famiUes. (F3): Let C be a code of length n over the 
p-adic integers Zpoo (such codes have been studied in |Q, In general it is not clear how 

one should define C"*". However, if when we reduce C mod p it has the same dimension over 
Fp as C had over Fpoo, then there is a natural way to define the dual so that it satisfies 

(C^)^ = C, dim C + dim = n . 

Namely, let D = Qpoa C be the code over the p-adic rationals Qpoo generated by C. Since D 
is a linear code over a field, D-^ exists and satisfies (D-^)-^ = D, dim D + dimD"'" = n. Now 
set C-L = D-L n Z^ao . 

(F4): J. A. Wood ( [|331[| , see also |323| ]) has investigated codes over noncommutative finite 
rings F, and has shown that the two fundamental MacWilliams theorems (Theorem ^ below 
and Theorems 10.4 and 10.6 of Chapter 1) hold precisely when F is a Frobenius ring. At present 
however no interesting examples of self-dual codes over noncommutative rings are known. 



(F5): Unimodular lattices are analogues of self-dual codes in — see Section 14 

2. Equivalence of codes 



2.1. Equivalent codes 

Codes that differ only in minor ways, such as in the order in which the coordinates are 
arranged, are said to be equivalent. The transformations that we allow in defining equivalence 
for the above families of codes are as follows (these are precisely the transformations that 
commute with the process of forming the dual). 

(2) Permutations of the coordinates. 

(3) Monomial transformations of the coordinates (that is, a permutation of the coordinates 
followed by multiplication of the coordinates by nonzero field elements). 

(4^) Monomials; global conjugation. 

(4^) Permutations; global conjugation. 

(4^+^ Monomials; conjugation of individual coordinates. 

(q^) Monomials over the subgroup 

{x G Fg : XX = 1} ^ F*/F*^ , 
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where the star denotes the set of nonzero field elements; global multiplication by elements of 

F*; global action of Galois group Ga/(Fg/Fp) 

(q^) Monomials over {±1}; global multiplication by units; global action of Galois group. 
(4^) Monomials over {±1}. 

(m^) Monomials over square roots of unity; global multiplication by units of Z^. 

2.2. Automorphism groups 

In each case, the subset of such transformations that preserves the code forms the auto- 
morphism group Aut{C) of the code. 

Let G denote the full group of all transformations listed. The order of G in the above cases 

is: 

(2) n! 

(3) 2"n! 
(4") 2.3''n[ 
(4^) 2.n! 
(4"+) 6"n! 

(gH)logp(g)(^-l)(^+l)"n! 
(gE) logp(g)2^2"n! 
(4^) 2'^n! 

(m^) For m = 5,6, 7, 8, 9 the orders are 

^^2"n!, 2"n!, ^^^2"n!, 4"n!, 3.2"n! 
2 2 

respectively. 

The number of codes that are equivalent to a given code C is then 

\G\ 
\Aut{C)\ ' 

In most cases it is possible to determine the total number (say) of distinct self-dual codes 
of length n in one of our families. Then 

rp ^ ^ I Cj 

inequivalent |-^^^(^-^)| 

C 

where the sum is over all inequivalent codes. In other words 

1 T 

J2 = = — . (4) 

inequivalent 

\Aut{C)\ \G\ 



Equation (^) is called a mass formula. The appropriate values of are: 
(2) 



Yl (2* + 1) (n = (mod 2)) (5) 



(2n) (weights divisible by 4): 



i=l 



kn-2 



2 n (2* + 1) in = (mod 8)) (6) 



(3) 



(4H) 



(4^) 



(4H+) 



(4^"*") (all weights even): 



(gH) 



(g^ 



i=l 



in-1 



2 n (3' + 1) = (mod 4)) (7) 



i=l 



ln-1 



n (22i+i + 1) = (mod 2)) (8) 

i=0 



1=1 



Y[ (4^ + 1) (n = (mod 2)) (9) 

n 

Y[{T + 1) (10) 



i=l 



n-1 



2]^(2* + l) (n = 0(mod2)) (11) 



i=l 



[| (g'+2 +1) (n = (mod 2)) (12) 



b Y[ (q' + l) {n = (mod 2)) (13) 

i=l 

where 6 = 1 if g is even, 2 if g is odd 
(4-) 

n/2 

^ (T(n, fc)2'=('=+i)/2 , (14) 

k=0 

where a{n,k), the number of binary self-orthogonal [n,k] codes with all weights divisible by 
4, is equal to 1 if /c = 0, and otherwise is given by 

fc-l 2n-2i-2 I 2[f — 1 

n ^ITT^l ' if n = ±l(mod8), 
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k~l 2n~2i-2 



rfc~2 

n 

Li=0 
k-2 

n 

i=0 



2i+l 



2i+i 




if n = (mod 



if n = 4 (mod 



There is a similar but even more complicated formula for T„ for self-dual codes over Z4 with 



Euclidean norms divisible by 8, see |101 



Formulae (|)-(|T3|) are based on various sources including [|134| , |191|] , [p26| , |190| , Chap. 19 . 
Equation (|14|) is due to Gaborit [ pm| . 

Here are two proofs of (^). (i) Let cr^^fc denote the number of [n, k] self-orthogonal codes C 
containing 1. Any such C can be extended to an [n, /c-l- 1] self-orthogonal code D by adjoining 
any vector of C"*" \C, and any D will arise 2^ — 1 times from different C's. So we have a^.i = 1, 

_ '^n—2k 1 



2^= - 1 



and (Jn.n/2 gives (P). (ii) A more sophisticated proof can be obtained by observing that the 
Euclidean inner product induces a symplectic geometry structure on the space of even weight 
vectors modulo 1. A self-dual code is then a maximally isotropic subspace. The number of 
maximally isotropic subspaces of a symplectic geometry of dimension 2k is 11^^]^ (2* -|- 1) p^ , 
§9.4], and we obtain (|5|) by noting that our symplectic geometry has dimension n — 2. ■ 

Similarly, a binary self-dual code with weights divisible by 4 is a maximally totally singular 
subspace of the orthogonal geometry of dimension n — 2 induced by ^wt{v), which leads to (^). 
Equations (|^, (^), (pT]), (p^) are also obtained via orthogonal geometry, ( [lOD via symplectic 
geometry, and (^ and ([l^ ) via unitary geometry. 

These mass formulae are useful when one is attempting to find all inequivalent codes of 

a given length (compare Section 11). For example, suppose we are trying to find all binary 

self-dual codes of length 8. We immediately find two codes, i2©^2©^2©^25 where 12 = [11], and 

the Hamming code es, and then it appears that there are no others. To prove this, we compute 

the automorphism groups of these two codes: they have orders 2^4! = 384 and 8.7.6.4 = 1344, 

respectively. We also calculate Tg/IG] = 3.5.9/8! = 3/896 from (|), and see that indeed 

1 1 _ 3 
384 1344 ~ ■ 



verifying that this enumeration is complete. We wih return to this in Section 

There are also formulae that give the total number of self-dual codes containing a fixed 
self-orthogonal vector or code — see [ [I90| , Chapter 19]. 

2.3. Codes over Z4 

Codes over rings are probably less familiar to the reader than codes over fields, and so we 
will add some remarks here about the first such case, codes over Z4, family 4^. 
Any code over Z4 is equivalent to one with generator matrix of the form 



(15) 



24, 2Z 

where X, Yi, Y2, Z are binary matrices. Then C is an elementary abelian group of type #i2'=2, 
containing 2^^i"'"^2 words. We indicate this by writing \C\ = . The dual code C"*" has 

generator matrix 



{-Yi + 2Y2T - 



2;tr 
24^ 







and \C^\ = 4'^-fci-fc22fc2, 

There are two binary codes C^^-* and C^^-* associated with C, having generator matrices 



[h, X Yi] and 



4i X Yi 



h 



k2 



z 



(16) 



and parameters [n, ki] and [n, ki + k2] respectively. If C is self-orthogonal then C^^-* is doubly- 
even and C(i) C C(2) C C^^)-^. If C is self-dual then C^^) = C^^)-^ . The next two theorems 
give the converse assertions. 

Theorem 1. If A, B are binary codes with A Q B then there is a code C over Z4 with 
C^^^ = A, C^^-* = B. If in addition A is doubly-even and B C A-^ then C can be made 
self-orthogonal. If B = A-^ then C is self-dual. 



Proof. Suppose A, B have generator matrices as shown in ([l^ . Then 



I X Y 
21 2Z 



(17) 



is a generator matrix for a code C with C^^^ = A, C^^^ = B. To establish the second assertion 
we must modify (|l7|) to make C self-orthogonal. This is accomplished by replacing the (j, i)th 
entry of (17) by the inner product modulo 4 of rows i and j, for 1 < i < fci, 1 < j < ki + k2, 
i < j. m 



In this way every self- orthogonal doubly-even binary code corresponds to one or more self- 
dual codes over Z4. 

Theorem 2. pOl A code C over Z4 with generator matrix ( [7^ is self-dual if and only if 
C(^) is doubly-even, C^^^ = C^^^-^, and Y2 is chosen so that if M = YiY^'' , then Mij + Mji = 
^wt{vi n Vj), where vi, . . . ,Vk-^ are the generators of C^^\ 

In contrast to self-dual codes over fields, self-dual codes over Z4 exist for all lengths, even 
or odd. Furthermore, a self-dual code C over Z4 of length n can be shortened to a self-dual 
code of length n — 1 by deleting any one of its coordinates. This is accomplished as follows. If 
the projection of C onto the ith coordinate contains all of Z4, the shortened code is obtained 
by taking those words of C that are or 2 in the ith. coordinate and omitting that coordinate. 
If the projection of C onto the ith coordinate contains only and 2, we take the words of C 
that are on the ith coordinate and omit that coordinate. 

In this way all self-dual codes over Z4 belong to a common "family tree", with ii = {0, 2} 
at the root. The beginning of this tree, showing all self-dual codes of lengths n < 8, is given 



in Fig. 2 of |71|. 



3. Weight enumerators and MacWilliams theorem 



3.1. Weight enumerators 

The Hamming weight of a vector u = (ui, . . . ,Un) € F", denoted by wt{u), is the number 
of nonzero components Uj. 

Two other types of "weight" are useful for studying nonbinary codes. For the codes in 
families 4^, (and hence for 2, 3, and, if g is a prime, q^) we define the Lee weight and 
Euclidean norm of n € F by 

Lee(u) = min{|'u|,|F| — |ii|} , 
Norm(u) = (Lee(n))^ . 

For a vector u = (ui, . . . , Un) G F", we set 

n 

Lee(u) = ^Lee(Mj) , 

i=l 
n 

Norm(tt) = ^Norm(uj) . 
i=l 

10 



Of course, if tt is a binary vector, wt{u) = Lee{u) = Norm(«). 

It is customary to use the symbol Ai to denote the number of vectors in a code C having 
Hamming weight (or Lee weight, or Euchdean norm, depending on context) equal to i. Then 
{Aq, Ai, A2, . . .} is called the weight distribution of the code. The Hamming weight enumerator 
(abbreviated hwe) of C is defined to be 

n 

Wc{x, y) = Yl = ^ Aix^-y . (18) 

ueC i=0 

(The adjective "Hamming" is often omitted.) There are good reasons for taking the Hamming 
weight cnTimcrator to be a homogeneous polynomial of degree n (see below). However, no 
information is lost if we set x = 1, and write it as a polynomial in the single variable y. 

There is an analogous definition for nonlinear codes: for v G F", let Ai{v) be the number 
of codewords at Hamming distance i from v. The average Hamming weight distribution for a 
nonlinear or nonadditive code is then 

I'^l cec 

with associated Hamming weight enumerator 

n 

Wc{x,y) = Y.Ax^-Y . 

i=0 

Much more information about a code C is supplied by its complete weight enumerator 
(abbreviated ewe) and defined as follows. Let the elements of the alphabet F be Ci; • • • ^^a; 
and introduce corresponding indeterminates xq, xi, . . . , Xa- Then 

c^.ec(xo,...,x.) = , (19) 

uec 

where nj/(n) is the number of components of u that take the value 

If there is a natural way to pair up some of the symbols in F then we can often reduce 
the number of variables in the ewe without losing any essential information, by identifying 
indeterminates corresponding to paired symbols. The result is a symmetrized weight enumer- 
ator (abbreviated swe). Some examples will make this clear. For linear codes over F4 the 
symmetrized weight enumerator is 

swecix, y,z) = Y^ ^noiu) y^iu) ^N^u) ^ cu;ec(x, y, z, z) , (20) 
U6C 
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where uq^u), ni{u) are as above and Nm{u) is the number of components in u that are equal 
to either uj or ZJ. For hnear codes over Z4, the appropriate symmetrized weight enumerator is 

swecix, y,z) = J2 x"«(")y"±(")z"2(^) = cwedx, y, z, y) , (21) 

where n±{u) is the number of components of u that are equal to either +1 or —1. There is an 
obvious generalization of (21) to linear codes over ^772- 



The swe contains only about half as many variables as the complete weight enumerator, 
and yet still contains enough information to determine the Lee weight or norm distribution of 
a code. 

All the weight enumerators mentioned so far can be obtained from the "full weight enu- 
merator" of the code. This is a generating function, or formal sum (not a polynomial), listing 
all the codewords: 

where we use a different indeterminate Zi for each coordinate position. To obtain the sym- 
metrized weight enumerator of a code over F4, for example, we replace each occurrence of z^ 
by X, each zj by y, and each zf or zf hy z. 

Still further weight enumerators that have proved useful can also be obtained from the full 
weight enumerator. For example, the split Hamming weight enumerator of a code of length 
n = 2m is 

splitc{x,y,X,Y) = J2 , 
where l{u) (resp. r{u)) is the Hamming weight of the left half (resp. right half) of u. Split 



weight enumerators have been investigated in [197], for example. Of course, the split need not 



be into equal parts. Multiply-split weight enumerators have been extensively used in [156|. 

One may also define weight enumerators for translates of codes: if C is a translate of a 
linear or additive code, its weight enumerator is 

T^c(2;,y) = E^"""*^'^y"'*^'^• 
c6C 

We will use such weight enumerators later in this chapter when studying the "shadow" of a 
self-dual code. 

The biweight enumerator of a code generalizes the weight enumerator to consider the over- 
laps of pairs of codewords, and the joint weight enumerator of two codes C and D considers 
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the overlaps of pairs of codewords u C and v D. More generally, the fc-fold multiple weight 
enumerator of a code considers the composition of k codewords chosen simultaneously from 
the code. Again there are generalizations of the Mac Williams and Gleason theorems (|188|, 



1 190, Chap. 5], ]28C|] ) . The connections between multiple weight enumerators of self-dual codes 



and Siegel modular forms have been investigated by Duke [90|, Ozeki [208|, [212|, [218| and 



Runge |263|-|266|. 



Ozeki |218| has recently introduced another generalization of the weight enumerator of a 



code C, namely its Jacobi polynomial. For a fixed vector u G F", this is defined by 



Jacc,v{x,z) = ^ 



which is essentially a split weight enumerator. These polynomials have been studied in [10|, 
||Tl|, p^ . They have the same relationship to Jacobi forms as weight enumerators do to 
modular forms (cf . the remarks in Section |l^) . 

For future reference we note the following relations between inner products and weights or 
norms for four of our families: 
(2): 



(4^), (m^): 



(u, v) = ^{wt{u + v) - wt{u) - wt{v)} (22) 



(m, v) = wt{u + v) — wt{u) — wt{v) (23) 



{u,v) = — {Norm(n + v) — Norm(u) — Norm(?;)} . (24) 



3.2. Examples of self-dual codes and their weight enumerators 

The following are some key examples of self-dual codes of the different families mentioned 
in Section ||, together with their weight enumerators. Some of these weight enumerators will 
be labeled for later reference. Unless indicated otherwise, all the codes mentioned are self-dual 
codes of the appropriate kind. 

We write [n, k, d\q to indicate a linear code of length n, dimension k and minimal distance 
d over the field Fg, omitting q when it is equal to 2. [n,A;,(i]4+ indicates an additive code 
over F4 containing 4*^ vectors (so k G ^Z). Usually the subscript on the symbol for a code 
(e.g. es) gives its length. We adopt the convention that parentheses in a vector mean that all 
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permutations indicated by the parentheses are to be appHed to that vector. For example, in the 
definition of eg below, 1(1101000) stands for the seven vectors 11101000, 10110100, 10011010, 
etc. The generators for the hexacode in ( p^ ) could have been abbreviated as (100)(la;a;). 

The following codes are all self-dual. 
(2) The first example of a binary self-dual code is the [2,1,2] repetition code i2 = {00,11}, 
with weight enumerator 

Wi^ix, y) = x^ + = (j)2 (say) , 

and \Aut{i2)\ = 2. 

The [8,4,4] Hamming code eg (see Section 12 of Chapter 1; [[ 
1(1101000), is self-dual with weight enumerator 

and group Gyl3(2) of order 8.7.6.4 = 1344. 

The [24, 12, 8] binary Golay code 524 (Section 12 of Chapter 1; |^], Chaps. 3, 11), generated 

by 

1(10101110001100000000000) , 
or equivalently by the idempotent generator 

1(00000101001100110101111) , 



(25) 

p. 80) generated by 
(26) 



(27) 



(28) 



(29) 



has weight enumerator 

Wg^^{x,y) = x^^ + 759a;^^/ + 2576x^2y^2 + 759x^y^^ + 

Aut{g2A) is the Mathieu group M24, of order 24.23.22.21.20.48 = 244823040. 

All three codes i2, eg , 524 are unique in the sense that any linear or nonlinear code with the 
same length, size and minimal distance and containing the zero vector is linear and equivalent 
to the code given above |227| ] (see also [291]). 

(3) Self-dual codes over F3 exist if and only if the length n is a multiple of 4 (this follows from 
Gleason's theorem, see (|101|) , and is also a consequence of the argument used to prove (0) 
]226[ ). We use indeterminates x, y for the Hamming weight enumerator W{x^ y) and x, y, z for 
the ewe. 



The [4,2,3]3 tetracode generated by {1110,0121} (Section 7 of Chapter 1; ^ p. 81 



has 



Wt,ix,y)=x'^ + 8xy^ 



(30) 
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and ewe x{x^ + (y + z)"^}- Aut{t4,) = 2.S'(4), where S{n) denotes a symmetric group of order 
n\. 

The [12,6,6]3 ternary Golay code gi2 (Section 12 of Chapter 1; |70|, p. 85), generated by 
1(11210200000), has 

Wg,^ (x, y) = x^"^ + 2Ux^y^ + 440x^/ + 24^^^ (3^) 
and (assuming the ah-ones codeword is present) 

ewe{x, y, z) = x^"^ + + z^"^ + 22(x^y^ + y^z^ + z^x^) + 220{x^y^z^ + x^y^z^ + x^y^z^) . (32) 
Aut{gi2) = 2.M12 (where Mu is a Mathieu group), of order 190080. 



These two codes are unique in the same sense as our binary examples [227|. 
(4") We use indeterminates x, y for the Hamming weight enumerator, x, y, z for the swe 
and x,y,z,t (corresponding to the symbols 0, l,a;,aJ) for the ewe, so that swe{x,y, z) = 
ewe{x, y, z, z). 

The [2, 1, 2)4 repetition code i2 = {00, 11,ujuj,uJuj} has 



swe = + + 2z^ , 

ewe = x^ + y'^ + z^ + , (33) 



and a group of order 12. 



The [6,3,4)4 hexacode (Section 12 of Chapter 1, |7C, p. 82]) in the form with generator 
matrix 

"1 1 w 

(34) 



1 1 w w 
1 w 1 w 
1 w a; 1 



has 



Wh,{x,y) = x*^ + 45^2/ + 18/, (35) 
swe = x^ + y^ + 2z^ + I5{2x'^y'^z'^ + x^z^ + y^z^) , (36) 
ewe = x^ + y^ + z^ + + lb{x^y'^z^ + x^y'^t^ + x^z^t^ + y'^z^t'^) (37) 

and Aut{h(i) = 3.5(6), of order 2160. 
Again these codes are unique. 
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Of course this 12 is simply the F4-span of the binary code ^2 defined above. In general, if 
C is defined over an alphabet F, and F' ^ F is a larger alphabet, we write C (8) F' to indicate 
this process. 

If C is a binary self-dual code then C F4 is a self-dual code belonging to both families 
4^ and 4^. Conversely, it is not difficult to show that if C is self-dual over F4 with respect to 
both the Hermitian and Euclidean inner products, then C = i? (8) F4 for some self-dual binary 
code B. 



(4^) The [4, 2, 3]4 Reed-Solomon code 



has 



W{x,y) 
swe 



ewe 



1111 

1 uj io 



+ Uxy^ + 3/ , 
+ + + Uxyz'^ , 
x'^ + + z'^ + + Uxyzt . 



The automorphism group is 3.5(4), of order 72. 

(4^+) The smallest example is the [1,^,1]4+ code ii = {0,1}, with automorphism group of 
order 2 (conjugation). The [12,6, 6)4+ dodecacode Z12 can be defined as the cyclic code with 
generator wlOlOOlOOlOl (|49|, see also [134]). Aut{zi2) is a semi-direct product of ^(3)'^ with 
S{4) (where Z{n) denotes a cyclic group of order n) and has order 648. 

(g^) Since the norm map from Fg to F ^ is surjective, there is an element a G Fg with aa = —1. 
Then [la] is self-dual. 

(g^) As in family 4^, there is a restriction on n: if g = 3 (mod 4) then self-dual codes exist 



if and only if n is a multiple of 4; for other values of q, n need only be even [226[. Provided 
q ^ (3) (mod 4), Fg contains an element i such that = —1, and then [li] is self-dual. 



(4^) The smallest example is the self-dual code ii = {0,2} of length 1. The octacode og ([70|, 
[[7l[[ ) is the length 8 code generated by the vectors 3(2001011), or equivalently with generator 
matrix 



■1 2 1 1 1 
1 3 2 1 3 
00103321 
.0 1 3 1 3 2 

having minimal Lee weight 6 and minimal norm 8, 



(38) 



swe 



x" + 16y* + + Ux^z^ + 112xy*z(x^ + z^) 
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and \Aut{os)\ = 2.1344. 

The most interesting property of the octacode is that when mapped to a binary code under 
the Gray map 

^ 00, 1 ^ 01, 2 ^ 11, 3 ^ 10 , (39) 

og becomes the Nordstrom-Robinson code, a nonhnear binary code of length 16, minimal 
distance 6, containing 256 words (Section 14 of Chapter 1, Chapter xx (Helleseth-Kumar), 



1 99(1 , |119f| ). The latter is therefore a formally self-dual binary code, see Section |3.3| . 

The octacode reduces mod 2 to the Hamming code es- There is another lift of eg to Z4, 



namely the code i^s, with generator matrix 

111" 
n n 1 

(40) 



1 1 1 1 

1 3 1 3 

1 3 3 1 

1 3 1 3 



but the minimal Lee weight and norm are now both only 4. However, not all binary self-dual 
codes lift to self-dual codes over Z4, e.g. {00, 11} does not. 

Theorem 3. (a) Let C be a binary self-dual code of length n. A necessary and sufficient 
condition for C to be lifted to a self-dual code C over Z4 is that all weights in C are divisible 
by 4- (^) If this condition is satisfied, C can be chosen so that all norms are divisible by 8. 
(c) More generally, a self-dual code over Z^, rn even, that reduces to a self-dual code mod 2 
lifts to precisely when all norms are divisible by 2m, and in that case all norms in the 
lifted code can be arranged to be divisible by Am. Thus if a code lifts from to 1,2m then it 
lifts to 1'2kra /^^^ (^11 In particular, if a binary code lifts to Z4 then it lifts to a self-dual code 
over the 2-adic integers. 

Proof, (a) (Necessity) Suppose v £ C has weight wt{v) ^ (mod 4), and let G C be any 
lift of V. Then Norm({;) = Norm('i;) (mod 4) because for integers x,y if x = y (mod 2) then 
x"^ = y^ (mod 4). 

(Sufficiency) Without loss of generality C has a generator matrix of the form \IA\ where 
AA^^ = -I (mod 2). Let B be any Uft of A to Z4. We wish to find A = B + 2M such that 
AA^"^ = —I (mod 4), since then we can take C = [lA\. We have 

ii*^' = BE*'' + 2(MB*'' + BM*') (mod 4) . 
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The condition on C implies that BB^^ + I has even coefficients and is zero on the diagonal. 
But then there exists a binary matrix M' such that 2(M' + M'**") = BB^"' + /, and we take 
M = M'(S~i)*^ This completes the proof of (a). 

(b) We need to show that we can choose A so that the diagonal entries of AA^"^ + I are 
zero mod 8. Set A' = A — 2LA, where L is symmetric, so that 

A'iA'f = AA^^ + 4L + 4L2(mod 8) . 

Let A = \{^AA''^ + /). Then we need + L + A (mod 2) to be symmetric with zero diagonal. 
It is easy to see that we can accomplish this provided trace(A) = (mod 2) (consider, for 
instance, L = In fact, we have 

1 = det (ii*'') = 1 + 4 trace A (mod 8) 

so trace A is even. 

The proof of (c) is analogous. ■ 

It follows from Theorem |3| that the Golay code 324 can be lifted to Z4. Since (724 is 
an extended cyclic code, the lift can be easily performed by Graeffe's method [^], |313|. 



Suppose (72(2;) divides — 1 (mod 2), and we wish to find a monic polynomial g{x) over Z4 
such that g(x) = g2{x) (mod 2) and g{x) divides x" — 1 (mod 4). Let g2ix) = e(x) — d{x), 
where e{x) contains only even powers and d{x) only odd powers. Then g{x) is given by 
g{x'^) = =b(e^(a;) — d?{x)). Applying this technique to the generator polynomial for ^24) that 



is, to g2{x) = I + X + x^ + x^ + x'^ + x^ + x^^ (see (pT])), we obtain g{x) = —1 + 3; + 2x^ — x 



5 



X 



6 



x^ + 2x^^ + x^^, and so 



3(31002333032100000000000) (41) 

generates a self-dual code G24 of length 24 which is the Golay code lifted to Z4 . Iterating this 
process enables us to lift cyclic or extended cyclic codes to Z2™ for arbitrarily large m. 
(Fl) Let q = 5. Then 

fl -V V -1 ' 

(42) 



1 


— V 


V 


-1 





" 





1 


— V 


V 


-1 











1 


— V 


V 


-1. 



where f = (1 + u)/2, generates a self-dual code of length 6 over F5[u]/(ti^). 

The matrix ( p2| ) also generates self-dual codes from family q^. Suppose g is a prime power 
such that v'^ — V — 1 has no solution in Fg, and let f be a solution in Fg2. Then ( |4^ ) defines 
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a Hermitian self-dual code over Fg2 with minimal distance 4. In the case g = 2 we get the 
hexacode. 



(F3) The 2-adic Hamming code [50| is the self-dual code of length 8 with generator matrix 



1 


A 


A- 1 


-1 











1" 





1 


A 


A- 1 


-1 








1 








1 


A 


A- 1 


-1 





1 











1 


A 


A- 1 


-1 


1. 



where A is the 2-adic integer (1 + \/~7)/2. The 2-adic expansion of A is 

A = 2 + 4 32 -M28 + 256 + 512 1024 + 2048 + 4096 + 32768 + ■■■ 

This is the cyclic code with generator 

1,A, A - 1,-1,0,0,0 

with a 1 appended to each of the generators. 

Similarly, the 2-adic self-dual Golay code of length 24 is the cyclic code with generator 

1, 1 - A, -2 - A, -4, A - 4, 2A - 3, 2A + 1, A + 3, 4, 3 - A, -A, -1, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, , 

where now A = (1 + \/—23)/2, with a 1 appended to each of the 12 generators. 
The 3-adic self-dual Golay code of length 12 is the cyclic code with generator 

1, A, -1,1, A - 1,-1,0,0,0,0,0 , 

where A = (1 + \/—ll)/2, again with a 1 appended to each generator. 

(F4) We shall not discuss these codes here, but refer the reader to Wood [^3l|. 

3.3. Mac Williams Theorems 



Mac Williams ( [[L85(| ; see also |190| ]) discovered that the Hamming weight distribution of 
the dual of a linear code is determined just by the Hamming weight distribution of the code. 
There are versions of this theorem for most of our families of codes. Although there are 
several ways to state these identities, the simplest formulation is always in terms of the weight 
enumerator polynomials (it is for this reason that we insist that the weight enumerator should 
be a homogeneous polynomial). 

Theorem 4. (MacWilliams and others.) 
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(2) Three equivalent formulations of the result for binary self-dual codes are: 



Wc^{x,y) = ^^Wc{x + y,x - y) 



E 



X 



n—wt(u) yWt(u) 



1 

W\ 



\wt{u) 



(43) 
(44) 



and, if {Aq, Ai , . . .} is the weight distribution of , 



1 " 

1^1 i=0 



(45) 



where 



is a Krawtchouk polynomial ( 1^190^ , Chap. 5; etc.). There are analogous Krawtchouk polyno- 
mials for any alphabet, see ll9(\] , p. 151. For the remaining cases we give just the formulation 
in terms of weight enumerators. 
(3) 

1 



\C\ 
1 



Wc{x + 2y,x-y) , 



cwec±{x,y,z) = —cwec{x + y + z,x + ioy + ujz,x + ojy + ujz). 
1^1 



(4H) and (4H+) 

Wc^{x,y) 
swec± {x,y,z) 
cwec±{x,y,z,t) 



j^^Wcix + 3y,x - y) , 
1 

j^swec{x + y + 2z,x + y - 2z,x -y) 



1 

W\ 



cwec{x + y + z + t,x + y — z — t,x — y + z — t,x — y — z + t) . 



Wc^{x,y) 
swec± {x,y,z) 
cwec±{x,y,z,t) 



\C\ 
1 

\c\ 



Wc{x-^3y,x-y) , 

swec{x + y + 2z, x + y ~ 2z, X ~ y) , 



— cttJe^-x {x-\-y->rz-\-t,x-\-y-z-t,x-y-z-\-t,x-y-\-z-t) 
1^1 



Wc±{x,y) = j^Wcix + {q-l)y,x-y) . 



(46) 
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Let X be a nontrivial linear functional from ¥q to ¥p, and set 

Xisix) = e^^^^^f^^l-P . (47) 
The ewe for is obtained from the ewe for C by replacing each xj by 

q-l 
k=0 

(We omit discussion of the swe, since there are several different ways in which it might be 
defined.) 

(q^) Same as for q^, but omitting the bar in (0^. 

Wc±{x,y) = ^^Wc{x + 3y,x -y) 

swec±ix,y,z) = -^^swec{x + 2y + z, x - y, x - 2y + z) 

cweQ± {x, y, z, t) = j—^cwecix + y + z + t,x + iy — z — it,x — y + z — t,x — iy — z + it) . 
1^1 

Wc± {x, y) = l^\^c{x + {m- l)y, x-y) . 
The ewe for C"*- is obtained from the ewe for C by replacing each xj by 

m— 1 

J2 e^^'^'^/'^Xk . (48) 

A;=0 

Proof. We prove the result for family 2. There are analogous proofs for the other cases, cf. 
Section 10 of Chapter 1, Section 8 of Chapter xx (Helleseth-Kumar) , |182| ], |190| , Chap. 5]. 

Let / be a polynomial- valued function on F2 . Define the Fourier (or Hadamard) transform 
of /by 

If C is a linear code it is straightforward to verify that 

E /(^) = ^ E /(^) • (49) 



(This is a version of the Poisson summation formula — cf. I^ljl.) Now we set f{u) = 

^n-wt{u)ywt(u) ^ g^^^ after some algebra (the details can be found on p. 126 of [|19C1(| ) discover 
that 

f{u) = (x + y)"-"'*(") (x - y)"'*(") . (50) 



Equations (^ , (|0|) together imply (|4J). ■ 
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Examples 

(a) The repetition code C over a field Fg has Hamming weight enumerator 

t^c(x,y) = x" + (<7-l)2/" , 



so from ( [46D we deduce that the dual code C , the zero-sum code, has weight enumerator 

H^C-x (x, y) = i {(x + (g - + - l)(x - y)"} . 

Note that when n = 2, M/^^^ = (compare case (e) of Theorem ^). 

(b) The binary codes i2 and eg are self-dual, and indeed one easily verifies that their weight 
enumerators + ( p5|) and + lAx'^y^ + (|2^ are left unchanged if x and y are replaced 
by {x + y)/V2 and (x - y)/ ^2. 

Remarks 

1. The map that sends Wc{x,y) to j^Wc{x + y,x — y), or that sends {Aq, Ai, . . .} to 
{^0,74]'-, . . .} as in (^), is often called the MacWilliams or Krawtchouk transform. A remark- 
able theorem of Delsarte |]78|| — see Chapters xx (Brouwer), yy (Camion), zz (Levenshtein) — 
shows that this transform is useful even for nonlinear codes. 

2. For the families 2, 4^, 4^ and 4^"*" all the MacWilliams transforms have order 2, as they 
do for the Hamming weight enumerators for families 3 and 4^ and the swe for 4^. For the 
ewe in families 3 and 4^ the square of the MacWilliams transform takes Xj to x_j. However, 
this does not change the ewe of the code, and so, in all cases, if the MacWilliams transform is 
applied twice, the original weight enumerator is recovered. 

3. The identity for the swe in family is left to the reader. For (Fl) we refer to Bachoc 



p[ and for (F4) to Wood [331]. Duality fails for (F2) and weights are undefined in case (F3). 



4. Shor and Laflamme |281] show that there is an analogue of the MacWilliams identity 



for quantum codes. There is also an analogue of the shadow [ p51| . 
3.4. Isodual and formally self-dual codes 

Following 1 72 1, we say that a linear code which is equivalent to its dual is isodual. A (possibly 
nonlinear) code with the property that its weight enumerator coincides with its MacWilliams 
transform is called formally self-dual. An isodual code is automatically formally self-dual. 

It is easy to prove that any self-dual code from family 4^ produces a formally self-dual 



binary code using the Gray map ( p9| ) (p9|], [ [I19| ). As already mentioned in Section 3^, the 
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octacode og produces the (formally self-dual) Nordstrom-Robinson code in this way. Similarly,^ 
a self-dual code from family 4^"*" produces an isodual binary code using the map 



0^00, 1^11, LV^Ol, uJ 



10 . 



(51) 



We give several examples of this construction. 



(i) The code (see Section 11.7 ) produces the isodual [6,3,3] binary code with generator 
matrix 



11 11 00 
11 00 11 
10 10 10 



(52) 



(The dual, which is a different code, is obtained by interchanging the last two columns.) 

(ii) The shortened hexacode, /15, (see Section |12.4 ) produces an isodual [10,5,4] code. 

(iii) The hexacode /ig produces an isodual [12, 6, 4] code. There is an additive but not linear 
version of the hexacode, /ig, found by Ran and Snyders [26C], generated by (OOllwcJ), which 
under the map (|5l| ) produces a second, inequivalent, isodual [12, 6, 4] code. As members of the 
family 4^"*", however, /ig and /ig are equivalent. 

Further examples of formally self-dual codes will be mentioned in Remark 4 following 
Theorem ||. Isodual and formally self-dual codes have also been studied in [^, 109 |, | 113 |, 
[ml, pOl, [pO, [p8l (see also 17: 



4. Restrictions on weights 



4.1. Gleason-Pierce Theorem 

It is elementary that in a binary self-orthogonal code the weight of every vector is even, in 
a ternary self-dual code the weight of every vector is a multiple of 3, and in a Hermitian self- 
dual code over F4 the weight of every vector is even. Furthermore, there are many well-known 
binary self-dual codes whose weights are divisible by 4 — see above. The following theorem, 
due to Gleason and Pierce, shows that these four are essentially the only possible nontrivial 
divisibility restrictions that can be imposed on the weights of self-dual codes. 

Theorem 5. (Gleason and Pierce [^.) If C is a self-dual code belonging to any of the families 

2 through which has all its Hamming weights divisible by an integer c > 1 then one of the 
^We are indebted to Dave Forney for these remarks. 
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following holds: 



(a) 


|F| 


= 2, 


c 


= 2 (so family 2) 


(b) 


|F| 


= 2, 


c 


= 4 (so family 2) 


(c) 


|F| 


= 3, 


c 


= 3 (so family 3) 


(d) 


|F| 


= 4, 


c 


= 2 (so families i^, 4^, 4^+ 


(e) 


|F| 


= Q, 


q 


arbitrary, c = 2, and 



i/ie Hamming weight enumerator of C is 

Remarks. 1. The theorem may be proved by considering how the Hamming weight enumer- 
ator behaves under the MacWilhams transform — see |285|] for details. An alternative proof of 



a somewhat more general result is given in |32C] — see Theorem 13.5 of Chapter xx (Ward). 

2. The same conclusion holds if "C is self-dual" is replaced by "C is formally self-dual". 

3. Note that there are no nontrivial examples from families q^, or m^. 

4. There are several points to be mentioned concerning case (e). Linear self-dual codes 
with weight enumerator (x^ + {q — always exist in families 2, 4^, 4^, 4^"'", q^; exist 
in families q^ and precisely when there is a square root of —1 in ¥q or respectively; in 
particular, they never exist in families 3 or 4^. 

Furthermore, it is easy to see that any linear code over for q > 2 with weight enumerator 
(x^ + {q — is a direct sum of codes of length 2. However, in the binary case there 

are many examples of linear codes with weight enumerator (x'^ + y^)"''^ that are not self-dual: 
these have been classified for n < 16, see |287]. These are examples of formally self-dual 



codes: see Section 'iA. There are also examples from family 4^+, e.g. the additive code 
[1100, 0110, 0011, wwww] with weight enumerator (x^ -|-3y^)^. 

5. In some cases, analogous restrictions can be imposed on Euclidean norms of codewords. 
In particular, suppose C is a self-dual code over (that is, a code from families 4^ or m^) 
where m is even. Then the Euclidean norms of the codewords must be divisible by m, and 
may be divisible by 2m (Q, [^], |8^, see also Theorem ^). 

6. Codes from family (Fl) with q = 2 can also satisfy case (d) of the theorem, since they 
can be embedded in family 4^"^ via the map a + bu ^ a + buj. 
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Examples 

Many of the examples given in Section 3.2 satisfy one of these divisibihty conditions: 



(2) : all self-dual codes satisfy (a), and eg and g24 satisfy (b). Note that any code satisfying 
(b) is self-orthogonal (from (^)). 

(3) : a code satisfies (c) precisely when it is self-orthogonal 
(4^): a code satisfies (d) precisely when it is self-orthogonal 
(4^): a self-dual code satisfying (d) is a linearized binary code 

(4^+): The dodecacode 2:12 satisfies (d). Any code satisfying (d) is self-orthogonal. 

4.2. Type I and Type II codes 

A binary self-dual code C with all weights divisible by 4 is called doubly-ever^ or of Type 
II; if we do not impose this restriction then C is singly-even or of Type I. We denote these two 
families by 2i and 2ii. A Type I code may or may not also be of Type II: the classes are not 
mutually exclusive. We say a code is strictly Type I if it is not of Type II. 

Similarly, we will say that a self-dual code over Z^, m even, from the families 4^ or is 
of Type II if the Euclidean norms are divisible by 2m, or of Type I if they are divisible by m. 
(This terminology was introduced in |^], |27|, ||8^.) We denote these families by (or mf) 



and 4fj (or mfj). 

There is one other situation where a similar distinction can be made. An additive trace- 
Hermitian self-dual code over F4 from the family 4^"*" is of Type II if the Hamming weights are 
even, or of Type I if odd weights may occur (if odd weights do occur then the code cannot be 
linear). We denote these two families by 4^"*" and 4[^'''. 

More generally, we will say that a binary code is doubly-even if all its weights are divisible 
by 4, or singly-even if its weights are even. It follows from (^) that a doubly-even code is 
necessarily self-orthogonal (and from ( p3|) and (|2^ ) that Type II codes over and F4 are 
necessarily self-orthogonal) . 

In view of Theorem ^, in the past self-dual codes over F3 have been called Type III codes, 
and Hermitian self-dual codes over F4 have been called Type IV codes. However, we shall not 
use that terminology in this chapter. 



*The unqualified term "even" has been used to denote both Type I and Type II codes, and is therefore to 
be avoided when speaking of self-dual codes. Use "singly-even" or "doubly-even" instead. 



25 



5. Shadows 



In the three cases where we can define a Type II code (see the previous section) we can also 



define a certain canonical translate of a code called its shadow [69|. The weight enumerator 
of the shadow can be obtained from the weight enumerator of the code via a transformation 
analogous to the Mac Williams transform of Theorem ^. 
We first discuss binary codes. 

Lemma 1. Let C be a self- orthogonal singly-even binary code, and let Cq be the subset of 
doubly-even codewords. Then Cq is a linear subcode of index 2 in C. 

Proof. From (|2|), ^wt{ u) is a linear functional on C, and Cq is its kernel. 

Definition 1. [69]. The s/iadoii]^ S" of a self-orthogonal binary code C is 

{Cq" \ C"*" if C is singly-even 
C"*- if C is doubly-even 

The weight enumerator of the shadow of C will usually be denoted by Sc{x,y). 

Examples, (i) If C is the repetition code {0", !"■} of even length n, then if n = (mod 4), 
S = C"*" = all even weight vectors, but if n = 2 (mod 4), S = all odd weight vectors, (ii) If 
C = i2 © i2 © • • • © i2 then S is the translate of C by 1010 ... 10. (iii) Let C be the [22, 11, 6] 
shorter Golay code g22, obtained by "subtracting" (see Section |11.3| ) i2 from g24, so that 322 
consists of all words of g24 that begin 00 or 11, with these two coordinates deleted. Then S 
consists of the remaining words of g24 with the same two coordinates deleted. 



Theorem 6. [69| The shadow S has the following properties: 



(i) S is the set of "parity vectors" for C; that is, 

S = {ue¥^ : {u, v) = ^wt{v) mod 2 for all v e C} (53) 



(ii) S is a coset of 
(iii) 



Sc{x, y) = -^^Wc{x + y, i{x - y)) . (54) 



somewhat more general definition of sfiadow fias been proposed in |3^], but since it fails to possess tfie 
crucial properties (i) and (iii) of Theorem ^ we shall not discuss it here. 
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Proof. If C is doubly-even then (i) and (ii) are immediate, and (iii) follows from the Mac Williams 
transform and the fact that the weights are divisible by 4. Suppose C is singly-even, let Cq be 
the doubly-even subcode, and let Ci = C \ Cq. Then 

Co C C C C . (55) 

The first and last inclusions have index 2, so Cq = C"*" U (a + C"*"), say, where (a,n) = for 
u G Co, (a, f ) = 1 for f G Ci. Thus S = Cq \Co = a + Co has the properties stated in (i) and 
(ii). Also, 

Wco{x,y) = ^{Wc{x,y) + Wc{x,iy)} , 

^c^i^^y) = j^{Wcix + y,x-y) + Wc{x + y,i{x-y)} , 

so 

Sc{x, y) = - Wci- = + 2/' -y)) ■ ■ 

If C is a singly-even self-dual code with doubly-even subcode Co, then Cq" is the union of 
four translates of Co, say Cq, Ci, C2, C3, with 

C = CoUC2, 5 = CiUC3. (56) 

When n is a multiple of 8 then C = Cq U Ci and C" = Cq U C3 are both Type II codes (in 
the notation of Chapter xx (Pless), C and C" are neighbors of C). If C has a weight 2 word 
then C and C" are equivalent. 

Similar definitions for the shadow can be given in the other two cases mentioned. If C 
is an additive trace-Hermitian self-orthogonal code over F4, let Cq be the subcode with even 
Hamming weights, and secondly, if C is a self-orthogonal code over (m even) let Co be the 
subcode with Euclidean norms divisible by 2m. In both cases the shadow is defined by: 




C(j- \ Co if C # Co 
C^ if C = Co 



If C is self-dual from family 4^"'" then the quotient group Cq"/Co is isomorphic to Z{2) x Z{2). 
If C is self-dual from family then Cq /Cq is isomorphic to Z{2) x Z{2) if n is even and to 
Z{4) if n is odd. 

There are analogues of Theorem |^ 
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Theorem 7. Let C be a self- orthogonal additive code over ¥4, with shadow S. 
(i) S = {ue¥l: {u, v) = wt{v) (mod 2) for all v e C} 
(a) S is a coset of 
(Hi) 

Sc{x, y) = -^^^cix + 3y,y-x) , 

swes{x, y, z) = 1^ swec{x + y + 2z, -x - y + 2z,y - x) 

cwes{x, y, z, t) = -^cvuedx + y + z + t,-x-y + z + t,-x-\-y-z + t,-x + y + z-t). 
1^1 

Remark. It follows from Theorem ^ that there is a code equivalent to C that has 1" G S. 
For the number of vectors of weight n in S is 

Sc{0, 1) = |^^c(3, 1) > . 
All vectors of full weight are equivalent. 

Theorem 8. Let C be a self- orthogonal linear code over Z4, with shadow S. 
(i) S = {u e : {u,v) = ^ Norm(i;) (mod 4) for all v e C} 
(a) S is a coset of 

(Hi) swes{x, y, z) = |^si(;ec(x + 2y + z, rj{x — y), —x -\-2y — z), where r] = e^'^l^ , 

cwes{x,y, z,t) = ——cwec{x + y + z + t^rj{x + iy — z — it),—{x — y + z — t),r]{x — iy — z + it)) . 
1^1 

Remark. It follows that the shadow contains a vector of the form ±1". (For 01065(0, 1, 0, 1) = 
■pr|-ct(;ec(2, 0, 2, 0) = ct(7ec(l, 0, 1, 0) > 0, since 0" G C.) This observation, and a formula for 
the swe equivalent to ours, can be found in [p^ j. In particular, a self-dual code from family 
contains a vector of the form ±1"'. 

Theorem 9. Let C be a self- orthogonal linear code over TL^, m even, with shadow S. 
(i) S = {uG'Z'^: {u,v) = \ Norm(i;) (mod m) for all v £ C] 
(a) S is a coset of 

(Hi) The ewe of S is obtained from the ewe of C by replacing each Xj by 

m—l 

^27Ti{j^+2jk)/2m^^ ^ 

k=0 

and then dividing by \C\. 

The proofs are analogous to that of Theorem ^. 
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6. Invariant theory 

6.1. An introduction to invariant theory 

If C is self-dual then its weight enumerator must be unchanged by the appropriate trans- 
formation from Theorem ^ As we will see, this imposes strong restrictions on the weight 
enumerator. 

We begin by discussing the particular case of the weight enumerator y) of a binary 

doubly-even self-dual code C . Since C is self-dual, Theorem |^ implies 

= i^^i^ + y^^ -y) 

= wi"^,^-^) (57) 



' 

(for W{x,y) is homogeneous of degree n). Since all weights are divisible by 4, W{x^y) only 
contains powers of y^. Therefore 

W{x,y) = W{x,iy) . (58) 
The problem we wish to solve is to find all polynomials W{x^ y) satisfying (p7[) and (|58D. 



Invariants. Equation ( ^7| ) says that W{x, y) is unchanged, or invariant, under the linear 
transformation 

replace x by , 

Ti : 

x-y 



replace y by 



^/2 



or, in matrix notation, 



x\ , 1 /I 



replace by , , , 

\y V2 VI -1/ \y 



Similarly, (58) says that W{x,y) is also invariant under the transformation 

replace xhy x 

replace y by iy 

or 

: replace Q by (J °) Q . 

Of course W{x, y) must therefore be invariant under any combination Tf, T1T2, T1T2T1, . . . 
of these transformations. It is not difficult to show (as we shall see in the next section) that 
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the matrices 



72 (l -l) '''''^ (o i 



when multiphed together in all possible ways produce a group Gi containing 192 matrices. 

So our problem now says: find the polynomials W{x, y) which are invariant under all 192 
matrices in the group Qi. 

How many invariants? The first thing we want to know is how many invariants there are. 
This isn't too precise, because of course if / and g are invariants, so is any constant multiple 
cf and also f + g, f — g and the product fg. Also it is enough to study the homogeneous 
invariants (in which all terms have the same degree). 

So the right question to ask is: how many linearly independent, homogeneous invariants 
are there of each degree d? Let's call this number aa- 

A convenient way to handle the numbers oq, oi, 02; • • • is by combining them into a power 
series or generating function 

$(A) = ao + aiA + a2A^ H . 

Conversely, if we know <I'(A), the numbers can be recovered from the power series expansion 
of $(A). 

At this point we invoke a beautiful theorem of T. Molien, published in 1897 ([202|; see also 



|1|1, p. 21; H, p. 110; H], p. 301; |og], p. 259; |8|], p. 86; |298|, p. 29). 



Theorem 10. (Molien) For any finite group Q of complex m x m matrices, ^*(A) is given by 

We call ^*(A) the Molien series of Q. The proof of this theorem is given in the next section. 
For our group Gi, from the matrices corresponding to /, Ti, . . . we get 

^(") = i^{(r^ + T^ + (i-A)|i-a) + ---} • 

There are shortcuts, but it is quite feasible to work out the 192 terms directly (many are the 
same) and add them. The result is a surprise: everything collapses to give 
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Interpreting ^(A). The very simple form of (^Tj) is trying to tell us something. Expanding 
in powers of A, we have 

$(A) = ao + aiA + a2A^H 

= (1 + A8 + A16 + A24 + ...)(1 + a24 + a48^---) . (62) 

We can deduce one fact immediately: ad is zero unless d is a multiple of 8, i.e. the degree 
of a homogeneous invariant must be a multiple of 8. (This already proves that the length of 
a doubly-even binary self-dual code must be a multiple of 8.) But we can say more. The 
right-hand side of (^) is exactly what we would find if there were two "basic" invariants, of 
degrees 8 and 24, such that all invariants are formed from sums and products of them. 

This is because two invariants, 6, of degree 8, and (f), of degree 24, would give rise to the 
following invariants. 

Degree d Invariants Number Ud 



1 1 

8 9 1 

16 02 I 

24 6'^(/> 2 (63) 

32 6'^,9(t) 2 

40 6l^6'2(/) 2 

48 d^,e^<p,f 3 

Provided all the products O^cj)^ are linearly independent — which is the same thing as saying 
that 6 and (j) are algebraically independent — the numbers ad in (|6^) are exactly the coefficients 
in 

1 + + + 2A24 + 2A32 + 2A40 + 3A4« + • • • 



(1 + A8 + a16 + a24 + ---)(1 + a24 + A^« + - 

1 



(64) 



(1-A8)(1-A24) ' 

which agrees with (|6ll). So if we can find two algebraically independent invariants of degrees 8 
and 24, we will have solved our problem. The answer will be that any invariant of this group 
is a polynomial in 6 and (j). Now (j)^ (Eq. (|2^)) and (/>24 (Eq. ([2^)), the weight enumerators 
of the Hamming and Golay codes, have degrees 8 and 24 and are invariant under the group. 
So we can take 9 = (ps and (j) = (j)24- (It's not difficult to verify that they are algebraically 
independent.) Actually, it is easier to work with 

0'24 = = ^Vix' - yr (65) 
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rather than 024 itself. So we have proved the foUowing theorem, discovered by Gleason in 1970. 



Theorem 11. Any invariant of the group Qi is a polynomial in (pg and (jj^^- 

This also gives us the solution to our original problem: 

Theorem 12. Any polynomial which satisfies Equations ( [5^ and ( [5^ is a polynomial in (j)^ 
and (P24. 

Finally, we have characterized the weight enumerator of a doubly-even binary self-dual 
code. 

Theorem 13. (Gleason |105| .) The weight enumerator of any Type II binary self-dual code is 
a polynomial in and (p^^. 



Alternative proofs of this astonishing theorem are given by Berlekamp et al. [14|, and 
Broue and Enguehard ||3^ (see also Assmus and Mattson ) . But the proof given here seems 
to be the most informative, and the easiest to understand and to generalize. 

Notice how the exponents 8 and 24 in the denominator of (|6l|) led us to guess the degrees 
of the basic invariants. 

This behavior is typical, and is what makes the technique exciting to use. One starts with 
a group of matrices Q, computes the complicated- looking sum shown in (|59[), and simplifies the 
result. Everything miraculously collapses, leaving a final expression resembling (|6l| ) (although 
not always quite so simple — the precise form of the final expression is given in (^), (p^)). 
This expression then tells the degrees of the basic invariants to look for. 

Finding the basic invariants. In general, finding the basic invariants is a simpler problem 
than finding $(A). In our applications we can often use the weight enumerators of codes 
having the appropriate properties, as in the above example, or basic invariants can be found 
by averaging, using the following simple result (proved in Section |6.2| ) . 

Theorem 14. // /(x) = /(xi, . . . is any polynomial in m variables, and Q is a finite 

group of m X m matrices, then 

7(^) = E ^ ° / W (66) 

is an invariant, where Ao/(x) denotes the polynomial obtained by applying the transformation 
A to the variables in f . 
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Of course /(x) may be zero. An example of the use of this theorem is given below. 

To illustrate the use of Theorem [l3|, we use it to find the weight enumerator of the [48, 24, 12] 
extended quadratic residue code XQ4-J, using only the fact that it is a doubly-even self-dual 
code with minimal distance 12. This implies that the weight enumerator of the code, which is 
a homogeneous polynomial of degree 48, has the form 

Wix, y) = + Aux^^y^^ + ■■■ . (67) 

The coefficients of x^''?/, x^^y^, . . . , are zero. Here A12 is the unknown number of code- 

words of weight 12. It is remarkable that, once we know Equation (^), the weight enumerator 
is completely determined by Theorem For Theorem 13 says that W{x,y) must be a poly- 



nomial in 08 and ^24. Since W{x,y) is homogeneous of degree 48, (ps is homogeneous of degree 
8, and (^24 is homogeneous of degree 24, this polynomial must be a linear combination of (f}g, 



61024 and 024. 



Thus Theorem 13 says that 

W{x, y) = ao0i + ai08'/'24 + ^2024 , (68) 
for some real numbers oq, oi, 02. Expanding (|6^), we have 

W{x, y) = ao(x^s + 84x^^/ + 2946x^°/ + •••)+ ai(x^^/ + 38x^°/ + • • •) 
+ a,{x%'----) , 



and equating coefficients in (|67|), (|69|) we get 

ao = 1, ai = -84, 02 = 246 . 

Therefore W{x^y) is uniquely determined. When these values of oq, ai, 02 are substituted in 
(|6^) we find that 

W{x, y) = x^^ + 17296x36y^2 j_ 535095x22^16 

+ 3995376x2® _^ 7681680x^^^24 _^ 39953762:20 y28 
+ 535095x^^7/22 _^ i7296xi2y36 _^ ^48 _ 

This is certainly faster than computing W by examining each of the 22^ codewords. 

There is a fair amount of algebra involved in computing (|6l|). Here is a second example, 
simple enough for the calculations to be shown in full. 
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For a self-dual code from family q^, from (|4^) the Hamming weight enumerator satisfies 

X + {q - l)y X - y 



W 



W{x,y) . 



(71) 



Let us consider the problem of finding all polynomials which satisfy 

The solution proceeds as before. Equation (^) says that W{x, y) must be invariant under 
the transformation 



where 



T3 : replace by ^ 



^/gVl -1 



(72) 



Now = /, so W{x,y) must be invariant under the group Q2 consisting of the two matrices 
/ and A. 

To find how many invariants there are, we compute the Molien series <1>(A) from ([59|). We 
find 



det(I - XI) 
det(/ - A^) 

$(A) 



(1 - A)^ , 
det 



1-A^ 



1 



1 



+ 



2 V(l- A)2 ' 1-A2 



1 



(73) 



(l_A)(l-A2) ■ 

which is even simpler than (|6ll). Equation ( [73|) suggests that there might be two basic in- 
variants, of degrees 1 and 2 (the exponents in the denominator). If algebraically independent 
invariants of degrees 1 and 2 can be found, say g and h, then (^) implies that any invariant 
of Q2 is a polynomial in g and h. 

This time we shall use the method of averaging to find the basic invariants. Let us average 
X over the group — i.e., apply Theorem ^ with f{x, y) = x. The matrix / leaves x unchanged, 
of course, and the matrix A transforms x into {l/y/q){x + {q — l)y)- Therefore the average. 



1 



x+ —{x + {q- l)y} 



{^+l){x + {^-l)y} 
2VQ 



is an invariant. Of course any scalar multiple of /(x, y) is also an invariant, so we may divide 
by (y^+ l)/2y^ and take 

g = x + {^-l)y (74) 
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to be the basic invariant of degree 1. To get an invariant of degree 2 we average over the 
group, obtaining 



+ + - \)y\^ 



This can be cleaned up by subtracting ((g + l)/2q)g^ (which of course is an invariant), and 
dividing by a suitable constant. The result is 

h = y{x-y) , 

the desired basic invariant of degree 2. 

Finally g and h must be shown to be algebraically independent: it must be shown that no 
sum of the form 

'^^Cijg^h-' , Cij complex and not all zero , (75) 

id 

is identically zero when expanded in powers of x and y. This can be seen by looking at the 
leading terms. The leading term of g is x, the leading term of h is xy, and the leading term 
of g^h^ is x^'^^yK Since distinct summands in ( |75[ ) have distinct leading terms, ( |75[ ) can only 
add to zero if all the Cij are zero. Therefore g and h are algebraically independent. So we have 
proved: 



Theorem 15. Any invariant of the group G2, or equivalently any polynomial satisfying (|7ZD, 
or equivalently the Hamming weight enumerator of any self-dual code from family q^, is a 
polynomial in g = x + (y^ — l)y and h = y{x — y). 

At this point the reader should cry Stop!, and point out that self-dual codes from family 
q^ must have even length, and so every term in the weight enumerator must have even degree. 



But in Theorem 15, g has degree 1. 

Thus we haven't made use of everything we know about the code. y) must also be 

invariant under the transformation 

replace ( ) by i? 



where 



This rules out terms of odd degree. So W{x, y) is now invariant under the group ^3 generated 
by A and i?, which consists of /, A, —I, — A. The reader can easily work out that the 
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new Molien series is 



(A) = ^{^g2(A) + ^g.(-A)} 

1 r 1 

+ 



2 i(l-A)(l-A2) (i + A)(l-A2). 

There are now two basic invariants, both of degree 2 (matching the exponents in the denom- 
inator of ([76D), say and h, or the equivalent and shghtly simpler pair g* = + {q — l)y^ 
and h = y(x — y). Hence: 

Theorem 16. The Hamming weight enumerator of any Hermitian self-dual code over ¥q is a 
polynomial in g* and h. 

The general plan of attack. As these examples have illustrated, there are two stages in 
using invariant theory to solve a problem. 

Stage I. Convert the assumptions about the problem (e.g. the code) into algebraic con- 
straints on polynomials (e.g. weight enumerators). 

Stage II. Use the invariant theory to find all possible polynomials satisfying these con- 
straints. 

6.2. The basic theorems of invariant theory 

Groups of matrices. Given a collection Ai, . . . , Ar oi m x m invertible matrices, we can 
form a group G from them by multiplying them together in all possible ways. Thus G con- 
tains the matrices /, Ai, A2, ■ ■ ■ , A1A2, ■ ■ ■ , ^2^r^^2 ^^3' • • •• that G is generated by 
Ai, . . . , Ar- We will suppose that Q is finite, which covers all the cases encountered in this 



chapter. (For infinite groups, see for example Dieudonne and Carroll |7£], Rallis |257] ] , Springer 



|294|, Sturmfels |298|, Weyl |326|] .) 



Example. Let us show that the group Qi generated by the matrices 

M = — and J 



^2 Vl -1/ VO i 
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that was encountered in Section |6.1| does indeed have order 192. The key is to discover (by 
randomly multiplying matrices together) that Gi contains 

^^-(;-"0' --(-^)'-^(;? 

= .(I . R = MJH, ^" ' 



,0 1 y ' V 1 

So Qi contains the matrices 



1 \ / 1 

±1 ' " Ul 



which form a subgroup TCi of order 16. From this it is easy to see that Gi consists of the union 
of 12 cosets of TCi: 

12 

^1 = U akHi , (77) 



k=l 



where ai, . . . , ae are respectively 



1 0\ fl 0\ J_/l l\ J_/l l\ J_fl i\ J_fl i 



07 = riai, . . . , ai2 = r/aQ, and r/ = (1 + z)/v 2, an 8th root of unity. Thus Gi consists of the 192 
matrices 



for < < 7 and a, /5 G {1, i, —1, — i}. 

As a check, one verifies that every matrix in (^) can be written as a product of M's and 
J's; that the product of two matrices in ( [7^ ) is again in ([78|); and that the inverse of every 
matrix in (|78| ) is in ([7^). Therefore ( [78|) is a group, and is the group generated by M and J. 
Thus ^1 is indeed equal to (^). 

We have gone into this example in some detail to emphasize that it is important to begin 
by understanding the group thoroughly. (For an alternative way of studying Gi, see 
pp. 160-161]. 



Invariants. To quote Hermann Weyl |325|, "the theory of invariants came into existence 



about the middle of the nineteenth century somewhat like Minerva: a grown-up virgin, mailed 
in the shining armor of algebra, she sprang forth from Cayley's Jovian head." Invariant theory 
became one of the main branches of nineteenth century mathematics, but dropped out of 



fashion after Hilbert's work: see Fisher and Reid | 261 |. In the past thirty years, however 
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there has been a resurgence of interest, with apphcations in algebraic geometry (Dieudonne and 



Carroll [79|, Mumford and Fogarty [|205| ]), physics (see for example Agrawala and Belinfante ||I|] 
and the references given there), combinatorics (Doubilet et al. [^], Rota p62[ |, Stanley |296| ]) 
and coding theory ( |188| ], |195| ], ]1971 ], ]198[ ). Recently a number of monographs (Benson [|l3|. 



Bruns and Herzog |^], Smith p89(| . Springer |294], Sturmfels |298| ) and conference proceedings 



([100], [104], 1172], ]297]) on invariant theory have appeared. 

There are several different kinds of invariants, but here an invariant is defined as follows. 
Let ^ be a group of g m x m complex matrices Ai, . . . , Ag, where the {i,ky^ entry of 

(a) 

Aa is a^fc • In other words Q is a group of linear transformations on the variables xi, . . . ,Xm, 
consisting of the transformations 



m 



j'ict) . j-gpia^j^g j^y^i = ^ c-ik^k, i = I, ■ ■ ■ ,1TI (79) 

k=l 

for a = 1,2, . . . , g. It is worthwhile giving a careful description of how a polynomial /(x) = 
f{xi, . . . , Xm) is transformed by a matrix A^ in Q. The transformed polynomial is 

A,o/(x) = /(xS"\...,x(:)) 

where each xf^^ is replaced by J2T=i'^ik^ ^f'- Another way of describing this is to think of 
X = (xi, . . . , Xm)'^ as a column vector. Then /(x) is transformed into 

Aa o /(x) = /(^,x) , (80) 

where ^qX is the usual product of a matrix and a vector. One can check that 

Bo{Ao /(x)) = {AB) o /(x) = f{AB^) . (81) 

For example. 



A 

transforms + X2 into (xi + 2x2)^ — X2- 



1 2 
-1 



Definition. An invariant of ^ is a polynomial /(x) which is unchanged by every linear 
transformation in Q. In other words, /(x) is an invariant of Q if 

Aa o /(x) = /(^,x) = /(x) (82) 

for all a = 1, . . . , g'. 
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Example. Let 

^^ = {(0 ?)' ("0^ -1 
a group of order g = 2. Then x"^, xy and y"^ are homogeneous invariants of degree 2. 
Even if f{x) isn't an invariant, its average over the group, 

9 

9a=l 



/(x) = - ^ ^„ o /(x) (83) 



is, as was already stated in Theorem 14. To prove this, observe that any Ajj G G transforms 
the right-hand side of (|8^) into 



i^(^,A^)o/(x) , (84) 
by (^l|). As Aa runs through Q, so does A^Ap, if yl^ is fixed. Therefore ( |8^ ) is equal to 

if]A,o/(x), 

y 7=1 

which is /(x). Therefore /(x) is an invariant. ■ 

More generally, any symmetric function of the g polynomials Ai o /(x), . . . ,AgO /(x) is an 
invariant of Q. 

Clearly, if /(x) and h{x) are invariants of G, so are /(x) + /i(x), /(x)/i(x), and cf{x) (c 
complex); or in other words the set of invariants of G, which we denote by J^{G), forms a ring. 

One of the main problems of invariant theory is to describe J{G)- Since the transformations 
in G do not change the degree of a polynomial, it is enough to describe the homogeneous 
invariants (for any invariant is a sum of homogeneous invariants). 

Basic invariants. Our goal is to find a "basis" for the invariants of G, that is, a set of basic 
invariants such that any invariant can be expressed in terms of this set. There are two different 
types of bases one might look for 

Definition. Polynomials /i(x), . . . , /r(x) are called algebraically dependent if there is a poly- 
nomial p in r variables with complex coefficients, not all zero, such that p(/i(x), . . . , /r(x)) 
is identically zero. Otherwise /i(x), . . . , /^(x) are algebraically independent. A fundamental 
result from algebra is (Jacobson [|155(| , vol. 3, p. 154): 



Theorem 17. Any m + 1 polynomials in m variables are algebraically dependent. 
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The first type of basis we might look for is a set of m algebraically independent invariants 



/i(x), . . . /m(x). Such a set is indeed a "basis," for by Theorem 17 any invariant is algebraically 
dependent on fi, fm and so is a root of a polynomial equation in /i, . . . , /m. The following 
theorem guarantees the existence of such a basis. 



Theorem 18. |37, p. 357] There always exist m algebraically independent invariants of Q. 



Proof. Consider the polynomial 

g 

\{{t-AaO Xi) 

a=l 

in the variables t, xi, . . . , Xm- Since one of the is the identity matrix, t = xi'is a. zero of this 
polynomial. When the polynomial is expanded in powers of t, the coefficients are invariants. 



by the remark immediately following the proof of Theorem 14. Therefore xi is an algebraic 
function of invariants. Similarly each of X2, . . . , Xm is an algebraic function of invariants. Now if 
the number of algebraically independent invariants were m' (< m), the m independent variables 
xi, . . . ,Xm would be algebraic functions of the m' invariants, a contradiction. Therefore the 



number of algebraically independent invariants is at least m. But by Theorem 17 this number 
cannot be greater than m. ■ 

Example. For the preceding group Gi, we may take /i = (x + y)^ and f2 = {x — y)"^ as the 
algebraically independent invariants. Then any invariant is a root of a polynomial equation in 
/i and /2. For example, 

xy = \{h - fi) , 

and so on. 

However, by far the most convenient description of the invariants is a set fi,...,fi of 
invariants with the property that any invariant is a polynomial in fi, . . . , fi. Then fi,---,fi is 
called a polynomial basis (or an integrity basis) for the invariants of ^. Of course if / > m then 
by Theorem ^ there will be polynomial equations, called syzygies, relating /i, . . . , //. 

For example, /i = x^, /2 = xy, = y"^ form a polynomial basis for the invariants of Q^. 
The syzygy relating them is 

/1/2 - /I = . 

The existence of a polynomial basis, and a method of finding it, is given by the next theorem. 
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Theorem 19. (Noether \20t]] [326, p. 275].) The ring of invariants of a finite group Q of 



complex m X m matrices has a polynomial basis consisting of not more than (™^^) invariants, 
of degree not exceeding g, where g is the order of Q. Furthermore this basis may be obtained 
by taking the average over Q of all monomials 

of total degree J2 not exceeding g. 

Proof. Let the group Q consist of the transformations (|79|). Suppose 

f{xi, . . . , Xm) = y ^ CeXi ■ ■ ■ X^ , 

e 

Ce complex, is any invariant of Q. (The sum extends over all e = ei • • • e^n for which there is 
nonzero term x^^ ■ ■ ■ in /(xi, . . . , x„i).) Since f{xi, . . . , Xm) is an invariant, it is unchanged 
when we average it over the group, so 



= -Y. <^e{{x^iY ■ ■ ■ {x^^^r- + ■■■ + (xfr ■ ■ • i^l^^r-} 

y e 
1 

^CeJe (say) . 



9 

Every invariant is therefore a linear combination of the (infinitely many) special invariants 

g 



Je — ^(^1 ' ' ' i^m Y 



Now Je is (apart from a constant factor) the coefficient of ■ ■ ■ u^" in 

a=l 

where e = ei + ■ ■ ■ + Cm- In other words, the Pe are the power sums of the g quantities 

UiX^ ~l~ ■ ■ ■ ~l~ Urnx!^ > • • • j U^X^ ~l~ ■ ■ ■ ~l~ Uj^ixlj^ . 

Any power sum Pe, e = 1,2, . . ., can be written as a polynomial with rational coefficients in 
the first g power sums Pi, P2, ■ ■ ■ , Pg. Therefore any Jg for 



e = ^ei> g 



i=l 
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(which is a coefficient of Pg) can be written as a polynomial in the special invariants 

Je with ei + ■ ■ ■ + Cm < g 

(which are the coefficients of Pi, . . . , Pg). Thus any invariant can be written as a polynomial in 
those Je with J27^i — 9- The number of such Jg is the number of ei, 62, . . . , with ej > 
and ei + ■ ■ ■ + Cm < 9, which is (™^^)- Finally, deg Jg < g, and Je is obtained by averaging 



■ x^" over the group. 



Molien's theorem. Since we know from Theorem 19 that a polynomial basis always exists 



we can go ahead with confidence and try to find it, using the methods described in Section 6.1 



To discover when a basis has been found, we use Molien's theorem (Theorem ^). This states 
that if ad is the number of linearly independent homogeneous invariants of Q with degree d, 
and 

CX) 



d=0 



then 



1 



1 



g ^^det{I - XAa) ' 
The proof depends on the following theorem. 



(86) 



Theorem 20. |20C, p. 258], [277| , p. 17] The number of linearly independent invariants of Q 
of degree 1 is 

1 ^ 

ai = - ^ trace(AQ,) . 

9 a=l 

Proof. Let 

1 ^ 

Changing the variables on which Q acts from xi, . . . , Xm to yi, . . . , ym, where (7/1, ... , ym) = 
(xi, . . . ,Xm)T^'^, changes S" to S" = TST^^. We may choose T so that S' is diagonal (see 
p. 252]). Now 5^ = S, {S'Y = S' , hence the diagonal entries of S' are or 1. So with a change 
of variables we may assume 

1 " 



S 
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with say r I's on the diagonal. Thus 5'oyj=yjifl<z<r, S'oyj = Oifr + l<i<m. 

Any hnear invariant of G is certainly fixed by S, so ai < r. On the other hand, by 



Theorem 14 



1 

9 1 



is an invariant of G for any i, and so ai > r. 



Before proving Theorem IC let us introduce some more notation. Equation (W% describes 



how Act transforms the variables xi, . . . , Xm- The d**^ induced matrix, denoted by Aa\ describes 
how Aa transforms the products of the Xi taken d at a time, namely a;f,X2, . . . ,xf~^X2, ■ ■ ■ 
(Littlewood |8|, p. 122]). E.g. 



'a b' 
.c d, 



transforms , xiX2 and into 



a^Xi + 2abxiX2 + b'^x'^ , 
acxf + {ad + bc)xiX2 + bdx2 , 
c^xf + 2cdxiX2 + d^x\ 



respectively. Thus the 2"'^ induced matrix is 

^2 2ab 



4[2] 



a" 'lao ¥ 
ac ad + be bd 
c2 2ed ^2 



Proof of Theorem IC. To prove (^), note that a^ is equal to the number of linearly 
independent invariants of degree 1 of Q^^^ = {A^a : a = 1, . . . ,g}. By Theorem 20, 

1 ^ 

ad = - ^ trace A^^ . 



Therefore, to prove Theorem IC, it is enough to show that the trace of Aa is equal to the 
coefficient of A'^ in 

1 1 

(87) 



det(/-AA„) (1 - Awi) • • • (1 - Awm) ' 
where uji, . . . , uim are the eigenvalues of A^ . By a suitable change of variables we can make 



An 







A[d\ 
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and trace A^a = sum of the products of liJi, . . . ,ujm taken d at a time. But this is exactly the 



coefficient of A"^ in the expansion of (87). ■ 

It is worth remarking that the Mohen series does not determine the group. For example 
there are two groups of 2 x 2 matrices of order 8 having 

^>fA) = 

(1-A2)(1-A4) 

(namely the dihedral group Dg ^-nd the abelian group Z(2) x Z(4:)). In fact there exist ab- 
stract groups A and B whose matrix representations can be paired in such a way that every 
representation of A has the same Molien series as the corresponding representation of B (Dade 

It! 



A standard form for the basic invariants. The following notation is very useful in 
describing the ring J^{G) of invariants of a group Q. The complex numbers are denoted by 
C, and if p(x), g(x), . . . are polynomials, C[p(x),g(x), . . .] denotes the set of all polynomials 



in p(x),g(x), . . . with complex coefficients. For example Theorem 11 just says that J{Gi) 



Also, © will denote the usual direct sum operation. For example a statement like J^{G) = 
R(B S means that every invariant of Q can be written uniquely in the form r + s where r & R, 
seS. 

Using this notation we can now specify the most convenient form of polynomial basis for 

Definition. A good polynomial basis for J{G) consists of homogeneous invariants fi, . . . , fi 
(l > m) where /i , . . . , are algebraically independent and 



or, if / > m, 

J{g) = C[/i, ...,fm]® /m+lC[/l, . . . , /m] © • • • © /iC[/i, . . . , /™] . (89) 



In words, this says that any invariant of Q can be written as a polynomial in fi, ■ ■ ■ , fm (if 
I = m), or as such a polynomial plus fm+i times another such polynomial plus • • • (if / > m). 
fi, ■ ■ ■ , fm are called primary invariants and /m+i; ■ ■ ■ , fi (if present) are secondary invariants. 
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Speaking loosely, (q^) ( |89| ) say that when describing an arbitrary invariant, fi, ■ ■ ■ , fm are 
"free" and can be used as often as needed, while fm+i, ■ ■ ■ , fi are "transients" and can each be 
used at most once. Equations (88) and ( p9[ ) are sometimes called a Hironaka decomposition of 



J{g) (129|], p. 39). 

For a good polynomial basis /i, ...,/; we can say exactly what form the syzygies must take. 
If / = m there are no syzygies. If / > m there are {''~^~^^) syzygies expressing the products 
fifj (m + 1 < i < j < /) in terms of /i, . . . , 

It is important to note that the Molien series can be written down by inspection from the 
degrees of a good polynomial basis. Let di = deg/i, . . . ,di = degfi. Then 

^g(A) = A-^^) ' l = m, (90) 

or 

(This is easily verified by expanding (^) and (|9T|) in powers of A and comparing with (|88|) and 
Some examples will make this clear. 



1) For the group Qi of Section 6A, fi = (ps and /2 = form a good polynomial basis. 



with degrees di = 8, d2 = 24. Indeed, from Theorem ^ and (|6l|), 

J(^l) =C[08,</'24] 

and 

'^SiW = (i_A8)(i_A24) • 
(2) For the group ^4 defined above, fi = x'^ , f2 = u'^ , fs = xy is a good polynomial basis, 
with di = d2 = d'i = 2. The invariants can be described as 

J{Qa) = C[x2, y2] xyC[x2, y2] . (92) 

In words, any invariant can be written uniquely as a polynomial in and plus xy times 
another such polynomial. E.g. 

{X + yf = {X^f + 6x2y2 + (y2)2 ^ ^y(4^2 ^ 4^2^ _ 

The Molien series is 



A)2 j " (1- A2)5 
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in agreement with (|9l|) and (|92[). The single syzygy is ■ = {xy)'^ . Note that /i = , 
/2 = xy, /s = is not a good polynomial basis, for the invariant y^ is not in the ring 
<C[x^,xy] e y'^<C[x'^,xy]. 

Fortunately the following result holds. 

Theorem 21. (Hochster and Eagon [|133| , Proposition 13]) A good polynomial basis exists for 
the invariants of any finite group of complex m x m matrices. 



For the proof see [jll, |l3|] or M 



So we know that for any group the Molien series can be put into the standard form of 
(pO|), ( |9l| ) (with denominator consisting of a product of m factors (1 — A'^') and numerator 
consisting of sum of powers of A with positive coefficients); and that a good polynomial basis 
(p^), ( p9D can be found whose degrees match the powers of A occurring in the standard form 
of the Molien series. 

On the other hand the converse is not true. It is not always true that when the Molien 
series has been put into the form (|90|), (^) (by cancelling common factors and multiplying 
top and bottom by new factors), then a good polynomial basis for J^{G) can be found whose 
degrees match the powers of A in $(A). This is shown by the following example, due to Stanley 



1 295 1 



Let Ge be the group of order 8 generated by the matrices diag{— 1, —1, —1} and diagjl, 1, i}. 
The Molien series is 

l-eJA) = _\,y, (93) 

(.4) 



(1-A2)2(i- A^) • 
A good polynomial basis exists corresponding to (p4D, namely 

JiGe) = C[x\ y\ z^] © xyC[x\ y^, 



but there is no good polynomial basis corresponding to (|93D. 

Remarks. (1) Shephard and Todd [279] have characterized those groups for which (88) holds. 



i.e. for which a good polynomial basis exists consisting only of algebraically independent 
invariants. These are the groups known as "unitary groups generated by reflections." A 



complete list of the 37 irreducible groups (or families of groups) of this type is given in |279] 
and pi, p. 199. 
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(2) Sturmfels |298| gives an algorithm for computing a good polynomial basis for the ring of 
invariants of a finite group. The computer language MAGMA ([^], |2^, |^^) has commands 
for computing Molien series and finding a good polynomial basis (and many other things). 

(3) Relative invariants. If x is a homomorphism from Q into the multiplicative group of 
the complex numbers (i.e. a linear character of G), then a polynomial /(x) is called a relative 
invariant of G with respect to x if 

Ao/(x)=x(^)/(x) for all AgQ. 

Molien's theorem for relative invariants states that the number of linearly independent homo- 
geneous relative invariants with respect to x of degree is the coefficient of X'^ in the expansion 
of 

|g|^^det|/-A^| ■ 
7. Gleason's theorem and generalizations 

We now make use of the machinery developed in the previous section to give a series of 
results that characterize the rings to which the various weight enumerators of self-dual codes 
belong. The first theorems of this type, for binary and ternary codes, were discovered by 
Gleason |105]. The results can be proved by the generalizations of the arguments used to 



establish Theorem 13. We remind the reader that hwe, swe and ewe stand for Hamming, 
symmetrized and complete weight enumerators, respectively. The code under consideration is 
denoted by C and its shadow by S. 

In each case the conclusion is that the weight enumerator being considered must be an 
element of a certain ring R. We describe R by giving its Molien series (also called a Hilbert 
series or Poincare series) 

oo 

$(A) = 5^(dimci?n)A" , 

n=0 

where Rn is the subspace of homogeneous polynomials in R of degree n. We then give a good 
polynomial basis for R (in the sense of (^), (^)). 

In many cases R is obtained (as described in the previous sections) as the ring of invariants 
of a certain matrix group G. If so then we start by giving generators for G, its order, and, if it 
is a well-known group, a brief description. We have preferred to give natural generators for G, 
rather than attempting to find a minimal but less-intuitive set — in most cases two generators 
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would suffice. If G is a reflection group we give its number in Shephard and Todd's list (| 279 | 



1 2891 , page 199). 

In other cases (the symmetrized weight enumerator of a Hermitian self-dual code over F4, 
( |108D , for example) the ring R cannot be found directly as the ring of invariants of any group, 
but must be obtained by collapsing the ring of complete weight enumerators. 

At the end of each subsection is a table that gives, for most of the rings mentioned, a 
list of codes whose weight enumerators provide a polynomial basis for the ring. The weight 
enumerators of the codes before the semicolon are primary invariants, those after the semicolon 
(if present) are secondary invariants. 



For example, the first line of Table ( |100| ) is equivalent to Theorem 13 
7.1. Family 2i: Binary self-dual codes 

hwe of code C. (|o|, Q, H, H]) G = = (} _\) , (J \)) = dihedral group 
DiQ (Shephard and Todd #2b), order 16 



(1-A2)(1- A8) 
R : -V , (95) 

where (/i)2 = + , = x^y'^{x'^ — y^)^. For example, since a Type II code is also a Type I 
code, the weight enumerator of (^24) (|29|), must be in this ring. It is: 



</'24 = 4>f - i2</'i^8 + &4el - ml . 

hwe of shadow S. It follows from Theorem ^ that if C has weight enumerator W{x, y) then 
its shadow has weight enumerator S{x,y) = W{{x + y)/V2,i{x — y)/\/2). This map from W 
to S preserves multiplication and addition, so to evaluate it it suffices to consider the images 
of the generators of the above ring. We find that x'^ + becomes 2xy and x'^y'^{x'^ — y^)^ 
becomes — 4(x^ — y^)^. So S{x, y) belongs to the ring 

^ ■ — A — ■ (96) 

xy, [x^ — y^y 

In particular, every element of the shadow has weight congruent to n/2 mod 4 (since this 
is true of the generators). 

The shadow must satisfy an additional constraint. If C is Type I, let W^^\x,y) be the 
weight enumerator of coset Gj, j = 0, . . . , 3 (see (|5^)). Then W^^\x, y) — W^'^\x, y) is (up to 
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sign) a multiplicative function on codes, i.e., if C is the direct sum of two Type I codes C and 
C", then Pr(^) - W^'^^ for C is ±1 times the product of the polynomials VF^^) - W^'^^ for C 
and C" . In order for this property to still hold when one (or both) of C and C" is of Type II, 
we adopt the convention that for a Type II code, W^^^ — W^^^ is simply the weight enumerator 
of the code. 

Then the additional condition satisfied by the shadow is that (if C is Type I or Type II) 
is a relative invariant for the group G192 (see (p8|)) with respect to the 

character 

where rj = {l + i)/\/2 [69|. An equivalent assertion is that W^^^ — W^^^ is an absolute invariant 



for the subgroup of G192 with determinant 1. 

It follows (see [39| for the proof) that for a Type I code W^^\x,y) — W^^\x,y) lies in the 



following ring: 

<I> 



(1-A8)(l-Ai2) 

^ . 1, xyjx^ - y^){x^ - 34.x^y^ + y^) ^^^^ 
x^ + lAx^y^ + y^, x^y'^{x^ — t/^)^ 

One of the differences between binary codes of Types I and II is that whereas the weight 

enumerator of the former is invariant under a group of order only 16, the weight enumerator of 

the latter is invariant under a group of order 192 (see Eq. (p8|)). The above result restores the 

balance to a certain extent, by requiring W^^^ — W^^^ to be a relative invariant for the larger 

group. 

7.2. Family 2n: Doubly-even binary self-dual codes 



hwe of C (|05|], IJ, 13|, |m 



G = Gi92 = (^{[ _\) > {I ) > order 192 (98) 



(Shephard and Todd #9) 



(1-A8)(1-A24) 



1 

^ ■ x8 + 14x4y4 + yS^ x^y\x^ - y^Y ' 
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Codes whose weight enumerators give generators for the above rings: 



Ring Codes 



(95) i2 m, eg (26) 
(H) i2 (il), eg (il 



, 924 ( 29); d{2, (dioer/i) 

, 524 (It) 



(100) 



Remark. The above groups Giq and G192 are also the two-dimensional real and complex 
Clifford groups occurring in quantum coding theory J 



, [49|. At present this appears to 
be nothing more than a coincidence. However, in view of the other mysterious coincidences 
involving the Clifford groups, there may be a deeper explanation that is presently hidden 
(compare the remarks in Section ^^ ). 

7.3. Family 3: Ternary codes 



hwe of C (|05|; Ij, |l88|, |l90|, p. 620]) 



(Shephard & Todd #6) 



1 2 
1 -1 





'1 


0" 










, u) = e 



1 



27ri/3\ 



/' 



order 48 



R : 



(1-A4)(l-Ai2) 

1 



ewe of C, 1" G C (ll9|]; ll90|, p. 617]) (This forces the length to be a multiple of 12. 



(101) 
(102) 



G 



order 2592, 



V3 



1 


1 


1 " 




" 1 





" 




" 


1 


" 




" 1 


1 


LU 












1 










1 




UJ 


1 


ZJ 









1 







1 










UJ 



1 + A 



24 



(1- A12)2(1_ A36) 



R : 



1, PeT^g 
ai2, Pi, vr| 



(103) 



where 



a = x^ + y^ + z^, b = x^y'^ + y'^z^ + z^x^, 
p = 3xyz, a\2 = a(a^ + 8p^), 



/36 



.12 



126, ^9 = (x3-y3)(y3_/)(^ 



3 x"^) 
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ewe of C, not requiring that 1" G C |199| (Now the length is just a multiple of 4. 



G 



1 

7! 



" 1 


1 


1 ' 




" 1 





" 




' 1 


1 


UJ 


UJ 










1 


1 


UJ 


1 


tJ 


UJ 







1 







UJ 



order 96 



1 + 4A12 + A=^^ 
(1-A4)(l-Ai2)2 • 

6 

R : 

i=0 

94, Ol, s = y + z,t = y-z,e4 = x{x^ + s^), 6*6 = 8x^ - 20x^s^ - s^, = 1, 



where S = (i 
Codes: 



Ring Codes 
(102) U &, 912 (0) 



(104) 



(^) (§[L§, 512 (0), -^iSe) (Q); XQ23 (§ ra 

7.4. Family 4^: Self-dual codes over F4 with Hermitian inner product 



hwe of C (pi; [19C, p. 621]): 



G 



III 3 
2 1-1 



1 
-1 



Weyl group of type G2 — dihedral group D 



12 



(Shephard & Todd #2b) 



R : 



(1_A2)(1-A6) 

1 



(105) 



ewe of C, 1" € C (There must be some word of full weight, so this is not a severe restriction) 



G 



1111 
1 1-1-1 
1-1 1-1 
1-1-1 1 



1 



-1 



10 
10 
1 
10 



10 
10 
1 
10 



order 576 



1 + A 



12 



R : 



(1-A2)(1-A6)(1-A8)(1-A12) 
1, (x2 - y2)(^2 _ ^2)(^2 _ ^2)(y2 _ ^2)(y2 _ ^2)(^2 _ ^2) 



x^+y^ + z^ + t^ (37), /8, /: 



12 



(106) 
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where 



/g = -\ (4 terms) + 142;^/ H (6 terms) + IGSx^y^z^t^ = ewe of eg F4 

S4 = x^y^ + x^z^ + • • • (6 terms) . 
ewe of C, assuming 1" G C and C and C have same ewe: 



G = previous G together with 



10 
10 
1 
10 

Weyl group of type F4 (Shephard & Todd #28), order 1152 



(1-A2)(l-A6)(l-A8)(l-Ai2) 

1 



swe of G, 1" G C: (Set t = z in ewe) 



(107) 



1 + A 



12 



: 



(1-A2)(1-A6)(1-A8) 

I,{(x2-.2)(y2_^2)|3 



x2+y2 + 2z2, (36), {(x2 -z2)(y2 _^2)}2 

Remark. If we try to apply invariant theory directly to the swe, we are led to the group 



(108) 



G 



1 



1 1 
1 1 




1 



-1 



1 -1 / \ 1 / \ -1 

(Weyl group of type B^, Shephard & Todd #2a) of order 48, with Molien series 



1 



(l_A2)(i-A4)(l-A6) ■ 



However, the invariant of degree 4 is 



6, = {x'-z'){y^-z') , 

which cannot be obtained from the swe of any self-dual code of length 4. The ring of invariants 
here and the ring in ( |108| ) have the same quotient field. So there is no group whose ring of 
invariants is (|108D. 
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Codes: 



Ring Codes 



(105) i2 
(Hi) i2 

m) i2 



K P 
he (11 
he p 
he p 



68^1^4, (6765)+ {{ 
e8®F4, (6765)+ 

e8®]F4; (6765)+ {\ 



ILl); 4 



12 



(109) 



Here the code obtained from dj*2 of Section 11.3 by multiplying the last four coordinates 

by Lo. 

7.5. Family 4^: Self-dual codes over F4 with Euclidean inner product 



(This is inadequately treated in [189| , where only even codes are considered.) Neither the 
hwe nor the swe can be obtained directly from invariant theory, but must be obtained by 
collapsing the ewe. Since {v,v) = 4^ "^^i^ = 44^ = 44> (w , 1") = 0, we may assume 
r G C. 



ewe of C 



G 



order 192 



where 



/ 1 


1 


1 


1\ 


1 


1 


-1 


-1 


1 


-1 


-1 


1 


1 1 


-1 


1 


-1; 



1 \ 

10 

1 

\ 1 / 



1 + A 



16 



1 \ 

10 

1 

\ 1 / 



R : 



(1-A2)(1-A4)(1-A6)(1- A8) 
1, abcdja^ - b'^){a^ - c^) ■ ■ ■ (c^ - 
symmetric polynomials in a^,b'^, c^,(f 



a = {+x - y - z - t)/2, b= {-x + y - z - t)/2 , 
c = {-X - y + z -t)/2, d={-x-y- z + t)/2 . 



(110) 



ewe of C, assuming C has same ewe as C: 

/ 1 \ 
G = previous group together with 1 

1 y 

(Weyl group of type i?4, Shephard & Todd #2a), order 384 

1 



(1-A2)(1-A4)(1-A6)(1-A8) 
R : symmetric polynomials in ,b^ ,(? ^cP . 



:iii) 
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swe of C: (Set t = z in the above ewe) 



1 + A« + A 



16 



R : 



1, {{x' 



(1-A2)(1-A4)(1-A6) 



hwe of C : (Set i = 2: = y in the ewe) 



(112) 



l + A^ 



R : 



(l_A2)(i-A4) 

1, 2/2(^2 _y2)2 



x2 + 3y2^ 2/2^2; — y)2 
( [L13[ ) appear to be new. 



(113) 



Rather surprisingly, ( |110[ ), ( pT 
Codes: The following codes will be used: 

12 = [11], ewe = x2 + y2 ^ ^2 + t'^, swe = + y'^ + 2z^ , 



hwe 



3y' 



04 



, a [4,2,3] Reed-Solomon code. 



C6 



1111 

1 uj uJ 

ewe = x"^ + + + + I2xyzt, swe = x^ + y^ + 2z^ + 12xy2;2^ 
hwe = + 12xy^ + 3y^ . 

111111 

1 w uJ 

1 a; cJ _^ 
ewe = + • • • (4 terms) + Qx^yzt + • • • (4 terms) + Qx'^y'^z^ + • • • (4 terms), 
hwe = x^ + 6x^y^ + 21x'^y^ + 18xy^ + 12^"^ . 



(114) 



Codes: 



Ring Codes 



(110) i2,C4,C6,e8 0F4;? 

dm]) i2,C4,C6,e8 F4 

11121) i2,C4,C6;e8 (8)F4 



(115) 



( |ll3|) i2,C4;c6 



Remark. The question mark in the first line of the table indicates that we do not have a 
code that produces the degree 16 polynomial in the numerator of ( |110| ). Such a code would 
necessarily be odd and have the property that the ewe of C is not equal to that of C . Pre- 
sumably a random self-dual code would do, but we would prefer to find a code with some nice 
structure. 
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7.6. Family 4^+: Additive self-dual codes over F4 using trace inner product 
hwe of C: 



G 





•••)) 










^ = 


1 




(1-A)(1- 




R : 


1 




x + y, y{x 


-y) 



order 2 



ewe of C, 1" G C: 



G = ( Ma 





/ 1 


1 


1 








1 





M 


1 


1 


1 


-1 


-1 




1 











2 


1 


-1 


1 


-1 













1 




I 1 


-1 


-1 


1 ) 




I 





1 


0; 



, order 



R : 



1 + A3 



(1-A)(l-A2)2(i- A4) 
1, BCD 



where 



A = ix + y)/2, B = {x- y)/2, C = {z + t)/2, D = (z - t)/2 
swe of C, 1" G C: (Set t = z in ewe) 

1 



(1-A)(1-A2)(1-A4) 



it: : 



where 



A, B^ + C^, B^C^ 
A={x + y)/2,B = {x-y)/2,C = z 



(116) 



(117) 
(118) 



(119) 
(120) 



ewe of C, 1" G S: Note that (l",n) = wt{u) — ni{u) = wt{u) (mod 2) if and only if the 
number of I's in u is even. So if 1" G S, the ewe is invariant under diagjl, —1, 1, 1}. 

G = (M4, diag{l, -1, 1, 1}) , order 6 
1 



R 



(1-A)2(1-A2)(1- A3) 

1 



where A, B, 



D, A + B + C, A^ + B'^ + C2, A^ + B^ + C^ 
are as in (118). 



(121) 
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swe of C, 1" G S: (Set t = z in ewe) 

1 



(1-A)(1-A2)(1-A3) 



hwe of 5: 



. \ (122) 

symmetric polynomials in A, B, C 



(1-A)(1-A2) 
1 



^ ■ 17-2 ^ (123) 

2y, -^(x^-y^) 

As a corollary, the weight of a vector in the shadow is congruent to n (mod 2). 

hwe of - A gain we use the terminology W^^\ i = 0, . . . , 3, for the cosets of Co 

in Cq (as in Sect. |5|) 

G= Mo = l 



1 


CO 






\ 


1 


-0 


, "2 = 


V 


1 



with character ^(^^2) = 1, x(a2) = (-1)" (Ker x = S3) 

1 



(l_A2)(i_A3) 



^ ' 2 I o 2 1' 2 2^ ■ (124) 

+ 3y^, y(x^ — y^j 



ewe of S", l" G C: Belongs to image of (117) under the map that sends {x,y,z,t) to 
{x,y,z,t)(34Mi: 

1, ABD 

^ ■ C, A^ + B^, D\ A^B^ ^^^^^ 

ewe of - 1^(3)^ r G C: G = (M4,a4,/94) with character x{Mi) = 1, x(a4) = xil^i) = 
(-1)", order 48 



(1-A)(1-A2)(1-A3)(1-A4) 



where 

A = X + B = X — y, C = z + t, D = z — t. 
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swe of - W^^\ r G C: 



(l_A2)(i_A3)(i-A4) 



A^ + B^ + C2, ABC, + ^4 + C74 ^^^^^ 



ewe of 5", 1" € 5: Belongs to image of (|121|) under the map x ^ y, y ^ x, z ^ t, t ^ z: 

^ -D, A-B + C, A^ + B-^ + C2, A3 - 53 + ^^^^^ 



swe of 5, 1" eS: Set D = in (|128| ). 
hwe of 5, 1" G 5: Same as ( |T23|) . 

ewe of W(i)-W(3)^ 1" G 5: G = (M4,;g4 = diag{l, -1, -1, -1}), with character x(M4) = 1, 
X{P^) = (-1)", order 12 



(1-A)2(1-A2)(1- A3) 



^ D, A - B - C, A^ + B-^ + C-^, A3 - B^ - ^^^^^ 

Remark. We may obtain W^^^ — W^^^ by applying 04 to T^(°) - W^'^\ which in turn is 
obtained by applying /34 to W^^'^ + H^^^) , 

7.7. Family 4^+: Addit ive even self-dual codes over F4 using trace inner 
product 

hwe of C: Same as family 4^, see ( |105[ ). 
ewe of C, r G C: 



G = (M4, 04, P4) , order 48 
l + A^ 



(1-A2)2(1- A4)(l- A6) 



1, ABCD 

■ L»2, A2 + 52 + ^-2^ A^ + B^ + C4, ^6 + 56 + £,6 (120) 



swe of (7, G C: (Set t = z in ewe) 

1 



(1-A2)(1-A4)(1-A6) 
1 

symmetric polynomials in A"^, B'^, C'^ 



R ■ .2 r2 r-a (131) 
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ewe of C (not assuming 1" G C): 



G=(M4,/54), order 12 

1 + + 2A^ 
~ (1- A2)3(i- A6) 

Codes: The following codes will be used: 



(132) 



12 



^2 



C3 



C4 



[1], 



ewe = swe = hwe = x + y 

ewe = swe = x + z 

ewe = X + t, swe = x + z 



[11, ww], see (|114D 

00 000 QO 

[ll,u;uJ], ewe = x + y +2zt,swe = x +y +2z ,hwe = x + 3y 
[111, ujLoO, loOlu] 
[llll,u;(wOO)] 
[wwwu;, 1(100)] 



Ring Codes 



(116 
11 
11 
12 
12 
12 
12 
12 

= 

13 



n,^2 

h, 12,04 
^'l,«2,C3 

ii,'i2 

11, 'i2,^2,C4;C3 
^'l,^l,«2,C3 
^2,^2>C4i^6;C4 

12, C4,/l6 



(133) 



7.8. Family q^: Codes over F,, q a square, with Hermitian inner product 



The case q = A has been studied in Section \IA[ The next case is g = 9, but as little 
attention has been paid so far to codes over this field we shall not discuss the ewe or swe 
further. It is possible to say a little about the Hamming weight enumerator in the general 
case. 



hwe of C (See Theorem 16): 









\ 






-I 





order 4 
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1 

(1 - A2)2 
1 



^ ■ TVT—f T (134) 

+ {q- l)y^, y{x - y) 

(This is somewhat unsatisfactory, since y{x — y) forces a vector of weight 1, which is impossible 
in a self-dual code.) 

7.9. Family g^: Codes over Fg with Euclidean inner product 



The cases g = 2, 3 and 4 have been studied in Sections 7.1, 7.3, 7.5. As q increases the 
results rapidly become more complicated. 

We first discuss the case g = 5 and then say a little about the general case. 

c\ve ofC, q = 5: Let ^ = e^^^^/^ 

G=^-^(r),,,=o,...,4, diag{l,e, r\r\e}) , order 240 

$ = ti^ (135) 

(1-A4)(1-A6)(1- Ai0)2 ^ ^ 

where is a polynomial of degree 26, with (/)(1) = 60. A good basis for this ring would 
therefore involve about 65 polynomials! Such Behavior is typical of most groups — see Huffman 
and Sloane 115011. 



swe of C, g = 5 

G 



I 1 



/ 1 



1 
\ 1 



1 i^e e^e \ ,diag{i,e,e'}, 
V 1 e^e i^e 

(the reflection group [3,5], a three-dimensional representation of the icosahedral group, Shep- 
hard and Todd #23), order 120 

1 



(l-A2)(l-A6)(l-Aio) 
R: ' 



a, P, 7 



(136) 



where 



a 
P 
7 



X + Ayz 

x'^yz - x^y'^z'^ - x{y^ + z^) + 2y^z^ 

bx^y^z'^ - Ax^y^ + z^) - lOx^y^z^ + Wx^{y^z + yz^) + 5xS^/ 

- 10x(/z2 + y2^7) ^ Qy5^5 ^ ylO ^ ^10 _ 
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Codes: [12], [(100)(133)] and either 

= [(01234)(00000),(00000)(01234), 1111111111] 

or 

e+ = [(00014) (00023), 1111111111] (137) 

for the invariant of degree 10. 

In [181] it was observed that these invariants were aheady known to Klein [164], ]165]. This 



paper then went on to remark that "it is worth mentioning that precisely the same invariants 
have recently been studied by Hirzebruch in connection with cusps of the Hilbert modular 
surface associated with Q(\/5) — see [131|, p. 306. However, there does not seem to be any 



connection between this work and ours". An elegant explanation for this was soon found by 



Hirzebruch 132 |. The basic idea is to take a self-dual code over F5 and to obtain from it 
(using a version of Construction A [|7^) a lattice over Z[V5]. The thet a series of this lattice is 
a Hilbert modular form which can be written down from the swe of the code. This produces 
an isomorphism between the ring of swe's and the appropriate ring of Hilbert modular forms. 
The monograph ]B2| gives a comprehensive account of these connections. 



Incidentally, we do not know if the ewe ring described by ( |135| ) collapses to ( |136| ). 

hwe of C, q = 5: ( p24| ]) (Set z = y in swe) 

1 + Aio + 



where 



(1_A2)(1-A6) 

a, (3 
a = x^ + 4y^ 

P = y\x-y)\x^ + 2xy + 2y^), 
J = y^{x - y)'^{5x'^ + I2xy + Sy^) . 

ewe oi C, q = 5, 1" € C: (The group is now considerably larger, but the ring of invariants 
is no simpler) 

G = (previous group, diag{l, ^, ^^}) 
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^ ±5^+^5^2(5), a Clifford group |T|' 0' B (see also |T3|]), order 30000 

1 + 3A20 + 13A30 + l8A^o + + 34A'^° + 17A^° + 4X^^ + 2X^^ 
(1-Ai0)(l- A20)2(i_A30)2 

The sum of the coefficients in the numerator is 120, so again there is no possibility of giving a 
good basis. 



The degree 10 invariant is the ewe of either of the codes of length 10 given in (137) 



ewe of C, general q: It is hard to say anything in general, but if q is an odd prime p we 
can at least describe the structure of the group G under which the ewe is invariant. 

G = ^M = -^(r)r,s=o,...,p-i, j = diag{i,e,e',e',...},-/^ ■ 

If 1" G C then the ewe is invariant under the larger group = {G, P), where 

P : Xj ^ a^j+i, (subscripts mod p) 
We use H(i?) to denote the center of a group H. 

Theorem 22. (a) Suppose p = 1 (mod 4). Then G has structure Z{2) x SL2{p) and center 
E{G) = (-/). G+ has structure Z{2) x p^+^ SL2{p) and H(G+) = {-1,^1). (b) Suppose 
p = 3 (mod 4). Then G has structure Z{4) x SL2{p) and H(G) = («/). G^ has structure 
Z(4) X p^^^SL2(p) and H(G+) = (i/, ^/). In either case G and G^ are preserved by the Galois 
group Gal{Q[^,^]/Q). 



Remarks, (i) The group G was first studied in the present context by Gleason | 105 |. The 
groups G and G^ (also for composite odd q, and with the appropriate modification for even q 
as well) are a special case of the construction in |324]. Weil obtains analogs of G^ , in which 



¥q can be replaced by any locally compact abelian group isomorphic to its Pontrjagin dual.^ 
(ii) The analogous results for p = 2 are given in Sections [7.1| and \l.2[ (iii) In both cases (a) 
and (b) G^ is the full normalizer (with coefficients restricted to Q[y^, '^]) of the extraspecial 
p-group E = {P,Q), where Q = diag{l, e, ^^ e^ • • •} (cf. pl). 



Proof. G normalizes E, since MPM'^ = Q-^, MQM^^ = P, JPJ-^ = ^^PQ-^, JQJ~^ = 
^^Q for appropriate integers o and b. (Note that = PQP^^Q^^ G E.) Thus we have a 



®We are grateful to N. D. Elkies for this comment. 
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surjective homomorphism from G to SL2{p) : M ^ V)' ^ (-2 i)' particular G 
is transitive on E/{^I). 

Suppose G n E is nontrivial. If there were a noncentral element of in G then by the 
transitivity of G it would follow that ^'^P G G and ^'^Q G G for some c, d. But then G G. 
This would force the length of C to be a multiple of p, which is false (since there is always a 
code of length 4). Hence G D E = {I}. 

E is irreducible, so the centralizer of E consists only of multiples of /. It follows that ker (p 
consists of multiples of elements of E. But the fourth power of an element of ker (p would be in 
E, and this must be /. Thus ker (p is either (— /) or {il). If p = 1 ( mod 4) then i Q[y/p, so 
the first possibility obtains. It remains to show that il £ G when p = 3 (mod 4). The matrix 
(MjyM"^ is readily verified to belong to kercp. But det{{MJ)PM^) = (detM)P+2. Since 
maps Xj to x-j, det = -1, so det M = ±i. It follows that {MJ)pm'^ is ±il. m 

Corollary 1. If p ^ 3 (mod 4) then a self-dual code overWp must have length divisible by 4- 
Proof, il eG. m 

The conclusion of Corollary |l] also holds for self-dual codes over Fg, g = 3 (mod 4) |226| ]. 



hwe of G, general q: Belongs to the ring (134). If g = 3 (mod 4) we can say more ( [|128|1 ): 



(1 - A4)2 



1, x^y^ - Ixy-^ + y'^ 



R : 



x^ + 4(g — l)xy^ + {q — ^){q — 3)y^, x^y + {q — 3)xy^ — {q — 2)?/^ 
7.10. Family 4f: Self-dual codes over Z4 
ewe of C: (p^) 



G=( Ma 



(I 1 1 1 \ 

1 i -I -i 

1-1 1-1 

\l -i -I i j 



, 04 = diag{l, 1, i\ 



order 64 



R : 



(1-A)(l-A4)2(i- A8) 
1, {BCDf{B^-C*) 



(138) 
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where 



A = X + z, B = y + t, C = X — z, D = y — t 



(139) 



swe of C: (Set t = y in ewe) 



(1-A)(1-A4)(1-A8) 



hwe of C: (Set t = z = y m. ewe) 

1 + A8 



(1-A)(1-A4) 



^ : /' ^ (141) 

X + y, y(x - y){x^ + xy + 2y^) 



ewe, l'^ G C 



G = ( M4,a4, 



/ 1 \ 
10 
1 

\ 1 y 

(l + A^^)(l + A^6) 
(1 - A4)(l - A8)2(l - A16) 



order 1024 



J, (1, A^^ + B^^ + C'' + D^')x{l, a,e) 



where 



as = A'^D^ + B^C^ , 

(716 = {ABCDf{A'^B^ + C^D^-A^C^-B^D'^) 
swe of C, ±1" G C (Set t = yin ewe) 

1 + A12 



$ = 



(1 - A4)(l - A8)2 



This ring may also be described as Rq ® B'^C^Rq ® B^C^Rq, where Rq is the ring of symmetric 
polynomials in A"^, B^, C^. 
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hwe of C, ±1" e C: (Set t = z = y in ewe) 

I ■ — I — y\ III — I — ^ ^ ^ 



(1-A4)(1- A8) 

^ (1, ?/^(x^ + 3y'){x' - vY) X (1, vHx^ - y^f) , . 

(x2 + 3y2)2, y4(^_y)4 ^ ) 

ewe of C, 1" G S": If 1" G S", Part (i) of Theorem | implies that if a vector 0"l''2'=d'^ G C 
then b-d + 2c= ^{b + d) + 2c (mod 4), i.e. 6 = 3d (mod 8), and so /34 = diag{l,??, l,r/^} G G. 

G = {M4,f34), order 192 



(1-A)(l-A4)(l-A8)(l-Ai2) 



1, B^C^D\B^ - C^B* + i^4)(C4 + D^) 
'A, B^ + C^- D\ B^ + C^ + + C12 - D12 ^^^^^ 



swe and hwe of C, ±1" G S": Same as (140) and (|141|) , respectively. 



ewe of S: the image of (^ under A ^ B , B ^ r]C,C ^ A, D ^ rfD 

(1 + AiO) 



(1-A)(l-A4)2(i- A8) 



. 1, A^C^D\-A'-C') 
B, A^- C\ - D\ - A^C^ ^ ' 



swe of S: the image of (|l40|) under A^B,B^r]C,C^A 

1 



(1-A)(1-A4)(1-A8) 



B, A^- - ^4C74 
It follows that the norms of vectors in the shadow are congruent to n mod 8. 

ewe of S, 1" G C: the image of (|T4^ ) under ^ ^ 5, 5 ^ r/C, C ^ ^, Z) ^ r/^D. 

swe of S*, ±r G C: 



2 



(1_A4)(1-A8) 
^4 + ^4 _ ^4^ ^8 + ^8 + C78^ _ ^4^4 
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ewe of S, 1" G S: 

1, A^C^D^iA'^ + C4)(C4 + D^){A'^ - D") 



R 



B, A^-C^ + D*, ^8 + C78 + D8, - C712 + D12 
swe of S, ±r e S: same as ( |l47D . 

ewe of - 

G = (M4,74 = diag{l,ry, -l,r?}) , order 768 , 
with character xi^i) = xili) = 



i? : 



(1-A)(l-A4)(l-A8)(l-Ai2) 

1,^12^2(^2(^4 ^ ^4) (^4 ^ (^4) (^4 _ ,^4) 



D, symmetric polynomials in A^, —B^, —C^ 
swe of VF(^) - 



(1-A4)(l-A8)(l-Ai2) 
R : omit from (150) 



(This ring has also been studied in |]88|| .) 

ewe of - ^j^jj 1" g C: G = (M4, /34, 74), order 6144, with character ^(^4) 

x(/?4) = 1, ^(74) = ker(x) has order 3072 

1 + A32 

(1- A4)(l-A8)(l-Ai2)(i- AI6) 

1, ^252(^2^2(^4 ^ 54)(^4 ^ c;4)(^4 _ ^4^(54 _ C;4)(^4 ^ /54)((^4 ^ ^4) 



symmetric polynomials in A^, —B'^, — C^, 
swe of VF(^) - with 1" G C: 

1 



i? : 



(1-A4)(l-A8)(l-Ai2) 
1 



symmetric polynomials in A , — B , — C 
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7.11. Family 4fj: Type II self-dual codes over Z4 



ewe of C, 1" G C 1 27] In view of the remarks following Theorem ^, this is not a severe 

restriction. 

G = {M4,f3i,-fi) , order 6144 

(1 + A16)(1 + A32) 



R 



(1- A8)2(1-A16)(1- A24) 
(1, /le) X (1, /32) 



(153) 



where 



/32 = {ABCDf{A'^ + C^){C^ + D^){D^ + B^){B^ + A^){A^-D^){B^-C^) 



swe of C, ±1" e C 



I + AI6 



(1-A8)2(1-A24) 
1, 



R : 



724 



(154) 



where 



+ 28x^^2 + 70x'^z'^ + 28x^2^ + / + 128/ , 

{x2z2(:,2 ^ ^2)2 _ 4y8}{(^4 ^ g^2^2 ^ ^4)2 _ g^yS} 

/(x^-^Y, 

{xz(x2 + _ 2y4}2 . 



f8 
^16 
^24 

ewe of C, 1" G C, Lee weights divisible by 4 (]^) 

G= ^M4,/34,74, 
(Shephard & Todd #2a), order 49152 








1 


'\ 





i 








1 











Vo 











1 



i? : 



(1- A8)(1-A16)2(1_ A24) 
1 



/i6, symmetric polynomials in A^, B^, C^, 



(155) 
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swe of C, ±1" G C, Lee weights divisible by 4 (|pT|) (Set t = y in ewe 



1 



(1-A8)(1-A16)(1- A24) 
1 



: 



ft ft ft- 
t^S, t/i6, c/24 

However, the following result shows that the extra condition on the Lee weights may not be a 
good thing. For it was shown in [119| that most interesting linear codes over Z4 do not have 
linear images under the Gray map. 



Theorem 23. |51] //C is a self-dual code over Z4 with all Lee weights divisible by 4, then the 
binary image of C under the Gray map ^3^) is linear. 



For the proof, see |51| 



Codes. The following codes will be used: ii and are defined in Section |11.8| , and og is 

the octacode (p8[). J'iq is the self-dual code with generator matrix 

10 111110 11 



3 3 



1 
002000000 
000200000 
000020000 
2 




1 
2 







.0 
and iJiol = 4^2^ (0)- has generator matrix 

1 1 1 1 



3 

01000010013 
00100010000 
1 1 1 1 3 



1 

1 1 

2 
2 3 



3 
2 
3 
3 



000010011100111 



00000100000 
00000020000 
00000002 
00000000 
000000000 




2 




1 1 

2 2 

2 2 

2 2 







and iJiel =4621 



^4m (ni > 1, but note that /C4 = T>f) is a self-dual code introduced by Klemm | 167 | 
having generator matrix 



1 1 1 

2 

2 





1 1 
2 
2 

2 2 



(157) 
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\lCim\ = 4l24™-2, g 



-)4m— 1 / 



(4m)!, ewe = (^^m + ^4m ^ ^im ^ £)4m)/2 (see (p|)) 



Ring Codes 



(138) h, Vf in 2 versions (pT^) , og; Jio 



(|T40) ii,Vf,os 
141 n,I^f;08 



( 142 ) /C4, /Cg, 08, /Cie; /Ci2, Ji6 
(|143D /C4, /Cg, og; /C12 



(158) 



( R44D /C4, Og; /Cg, /C12 



( 153 ) /Cg, Og, /C16, /C24; 

( 154 ) /Cg, Og, /C24; J16 
(|156D /Cg, /C16, /C24 



Again the question mark indicates that we do not have a satisfactory code to produce the 
desired polynomial. 

7.12. Family m^: Self-dual codes over 

The Hamming weight enumerator of a self-dual code over for general m has been 



considered in [ 128 | 



8. Weight enumerators of maximally self-orthogonal codes 

In some cases it is possible to prove results analogous to those in Section |^ for codes which 
are maximally self-orthogonal yet not self-dual, the [7, 3, 4] Hamming code 67 with weight 
enumerator pj = x"^ + 7x^y^ being a typical example. A more trivial example is the zero code 
zi = {0}, with weight enumerator pi = x. 



The following results are proved in |197]. 



For n odd, let C be an [n, |(n — 1)] self-orthogonal binary code. Thus C"*" = C U (1 + C). 
The weight enumerator of C belongs to the module R = piC[x'^ + ,x^y^{x'^ — y^)^] ©p7C[x^ -|- 
y^, x^y^(x^ — y^)^], which in the notation of the previous section would be described by 



R 



(l_A2)(i_A8) 

Pi, Pi 

x-^ + y^, a;^y^(x'^ — y^)^ 



(159) 



(compare (|95|)). If in addition C is doubly-even, the module is described by: 
(a) if n = 8m — 1, 



A^ + A23 



R 



(1-A8)(1-A24) 
P7, P23 



x8 + 14x4y4 + a;4y4(a;4 _ ^4)4 
68 



(160) 



(b) if n = 8m + 1 



$ = 



(1-A8)(1-A24) 



R : 



Pi, Pl7 



(161) 



X' 



(compare (|D). Here pn = x^'^ + IJx^^y'^ + 187x^y® + Slx^y^^^ = + 506x^^y^ + 
USSx^^y^"^ + 253x'^y^^. 

Codes. The code 323 is the cychc version of 524 obtained by deleting any coordinate. 



9. Upper bounds 

Of course, we are interested not just in codes per se, but also in good (or, at the very least, 
interesting) codes, that is, codes with large minimal distance (Hamming, Lee, or Euclidean, 
as appropriate). In order to know if a particular code is good, it is necessary to know how 
good comparable codes could be; that is, for a given length and dimension, what is the optimal 
minimal distance? For general codes, this question was studied in Chapters xx (Levenshtein) , 
yy (Brouwer) and zz (Litsyn); we are, of course, interested in self-dual codes. As one might 
imagine, the constraint of self-duality usually leads to stronger bounds. 

We will concentrate most of our attention on binary codes (family 2), pointing out analogues 
to other families as they arise. 

Essentially all of the bounds we will be discussing are special cases of the linear program- 
ming (or LP) bound (Section 2.5 of Chapter yy (Brouwer)); that is, they rely on the fact that 
both the weight enumerator of the code and the weight enumerator of its dual are nonnegative. 
For a self-dual code, these weight enumerators are, of course, equal. So for Type II self-dual 
binary codes, for instance, we have the following: 

Theorem 24. // there exists a Type II self- dual binary code of length n and minimal distance 
d, then there exists a homogeneous polynomial W{x,y) with nonnegative (integer) coefficients 



Ring Codes 




There are analogous results for ternary codes: see [198|. 
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such that 

2''/^Wix + y,x-y) = W{x,y) 
W{l,y) = l + Oiy"") 
W{x,iy) = W{x,y). 

These conditions assert that the code is self-dual, that it has minimal distance d, and that it 
is of Type II, respectively. 

The analogues for other classes of codes should be clear; in each case, the appropriate enu- 
merator (Hamming, symmetrized, complete) is nonnegative, invariant under the appropriate 
transformations (see Section 0), and is zero on all terms of low weight. In some cases, we can 
add further constraints from shadow theory (Section |5[), since the weight enumerator of the 
shadow of the code is also nonnegative. For instance: 

Theorem 25. // there exists a Type I self-dual binary code of length n and minimal distance 
d, then there exist homogeneous polynomials W{x,y) and S{x,y) with nonnegative (integer) 
coefficients such that 

W{x,y) = 2-''/'^W{x + y,x -y) 
W{l,y) = l + Oiy"") 
S{x,y) = 2-^/^W{x + y,i{x-y)). 

Again there are analogues for each family for which shadows are well-defined (2, 4^"^, 4^). 

Remark. For a code C from family (linear over Fq, q a square, with Hermitian inner 
product), it can be shown that the polynomial 

Six, y) = (?-"/'VF((^ - l)x + iVq + l)y, V - x) 

has nonnegative (but not necessarily integral) coefficients; note that this agrees with the shadow 
enumerator for q = 4. This can be used to strengthen the LP bound in those cases. The known 
proof that this is nonnegative involves constructing a quantum code Q from C ( p49[ |); S{x,y) 
is then the shadow enumerator of Q ( [|252|] , proved nonnegative in [p53|| ) . There is surely a 
more direct proof. 

One way to apply the linear programming bound is to ignore the constraint that the coeffi- 
cients of W{x, y) be nonnegative, and simply ask that the low order coefficients be as specified. 
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This gives a surprisingly good bound for Type II binary codes. Recall from Theorem 13 that 
for C of Type II, W{x, y) lies in the ring 

R = c[x« + UxY + /, xVix^ - y^)% 

and if C has length n, W{x, y) has degree n. The subspace of R of degree n has dimension 
D = [^] + 1. This lets us set the first D coefficients of W{x, y) arbitrarily; in particular, there 
exists a unique element W*{x,y) of R such that W*{l,y) = 1 + 0{y^^). This is known as 
the extremal enumerator, since W* has the largest minimal distance of any Type II self-dual 
enumerator. It follows immediately that the minimal distance of any Type II code of length n 
is bounded above by the minimal distance of W* . 



Theorem 26. [19(:] The first nonzero coefficient of W*{l,y) occurs precisely at degree AD; 
in particular, the minimal distance of a Type II self-dual binary code of length n is at most 
4[n/24] + 4. 

In fact it is possible to use the Biirmann-Lagrange theorem (Theorem ^) to derive an 
explicit formula for the number of words of weight AD in the extremal enumerator. Let 
^ = [n/24], so that D = ^ + 1. Then we have 



Theorem 27. (Mallows and Sloane |196|.) j44^_|_4, the number of codewords of minimal 



nonzero weight AD = AjjL + A in the extremal weight enumerator, is given by: 

I , if n = 2A^i, (162) 



ln(,,-l)(»-2)(n-4) '^^^1' if n = 24p. + 8 , (163) 
i"<"-''|i^riy!- " = 24M + 10, (164) 



and is never zero. 



For the proof, see |19£] or [190], Chapter 19. There is a similar formula for Type I binary 



codes — see M, Chapter 19, Problem (12). 



Results similar to Theorem 26 hold for other families: 



Theorem 28. The minimal distance of a Type I binary self-dual code is at most 2[n/8] + 2. 
The minimal distance of a Type II binary self-dual code is at most A[n/2A] + 4. The minimal 
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distance of a self-dual code from family 3 is at most 3[n/12] + 3. The minimal distance of a 
self-dual code from family 4^ is at most 2[n/6] + 2. The minimal distance of a Type II self-dual 
code from family 4^"*" is at most 2[n/6] + 2. The minimal distance of a self-dual code from 
families 4^, 4^"^, or is at most [n/2\ + 1. 

Note that the last bound is simply the Singleton bound, obtained from the ring C[x^ + {q — 
~ y)] of (|134| ). As we have already remarked in Section 7^, this is not the correct 



ring (that is, the smallest ring containing all Hamming enumerators of self-dual codes). In 
some cases (g = 4 or g = 5), we know a smaller ring; however, since the ring is no longer 
free, it is much more difficult to use. In particular, it is no longer the case that we may set 
the leading coefficients arbitrarily. This leads to the extremal enumerator not being unique, 
making it difficult to determine its first nonzero coefficient. Similarly, any attempt to make an 
analogous argument for families 4^ or will have the problem that, in those cases, we are 
primarily interested in Lee weight or Euclidean norm, forcing us to work with the symmetrized 
weight enumerator. This is, of course, much more difficult to deal with than the Hamming 



enumerator. A partial solution to this problem is provided by Theorem 34 below 



In each case it can be shown (cf. [193]) that the bounds of Theorems |2g and ^ can be 
met for at most finitely many n: in fact, the next coefficient (^l^+g) after the leading nonzero 
coefficient in the extremal enumerator becomes negative for sufficiently large n. Furthermore, 
for any constant a, the minimal distance can be within a of the bound only finitely often. 



For Type II binary codes, for instance, it was shown in |193| that the ^4„+8 term first goes 



negative when n is around 3720. Ma and Zhu |184] and Zhang |338| have recently determined 
precisely when the ^l^+g term first goes negative, and have obtained similar results for several 
other families. The following result incorporates the work of several authors. 



Theorem 29. [335] Let C be a self-dual code of length n from one of the families 2i, 2n, 3, 
4^; and let c = 2,4,3,2, respectively, and /i = [^^/8], [n/24], [n/12], [n/6]. Then the coefficient 
^c(^+2) extremal Hamming weight enumerator is negative if and only if: 

(2i); n = 8i{i>4), 8i + 2(i>5), 8i + 4(i>6), 8i + 6(i>7); 
(2ii); n = 24i (i > 154), 2ii + 8{i> 159), 2ii + 16 (i > 164); 
(3).- n = 12i(i>70), 12i + 4(i>75), 12i + 8(i>78); 
(4^).- n = 6i{i>17), 6i + 2{i>20), 6i + 4(i>22). 
In particular, the first time A1^_^g^ goes negative for Type II codes is at 24: x 154 = 3696. 
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Of course other coefficients in the extremal weight enumerator may go negative before this. 
In the case of ternary self-dual codes, for example, family 3, the extremal Hamming weight 
enumerator contains a negative coefficient for lengths 72, 96, 120 and all n > 144. 

The best asymptotic bound presently known for Type II codes is the following. 



Theorem 30. (Krasikov and Litsyn [|173|] .) The minimal distance d of a Type II binary code 
of length n satisfies 

d < 0.166315 . . . n + o(n), n — > oo . 
The constant in this expression is the real root of 8x^ — 24x^ + 40x^ — 30a;^ + lOa; — 1. 
The proof uses a variant of the linear programming bound. 



For Type I binary codes, the bound of Theorem |2^ is especially weak. Ward [319] has 
shown that the minimal distance can be 2[n/8] + 2 precisely when n is one of 2, 4, 6, 8, 12, 
14, 22 or 24. This suggests that the bound can be greatly strengthened, which is indeed the 
case. Conway and Sloane showed that d < 2[(n + 6)/10] for n > 72, and Ward ( [p22| , see 
also Chapter "Ward") established d < n/6 + O(logn). It turns out, in fact, that the "correct" 
bound is 4[n/24] + 4 (except when n + 2 is a multiple of 24), just as for Type II codes. The 
key to proving this fact is the observation that we have not yet used the shadow enumerator. 



Theorem 31. (Rains [p50|| .) Suppose C is a [n,n/2,d] self-dual binary code. Then d < 
4[n/24] +4, except when n = 22 (mod 24), when d < 4[n/24] +6. If n is a multiple of 24, any 
code meeting the bound is of Type II. If n = 22 (mod 24), any code meeting the bound can be 
obtained by shortening a Type II code of length n + 2 that also meets the bound. 

Proof (sketch). From (p5|), W{x,y) lies in the ring C[x'^ ^x^y^ix?' — y^)^]; consequently 
we can write 

j 

En , 2\n/2-4i/ 2/1 2\2\i 
ci[l + y ) ' [y (l-y ) ) . 

i 

Applying the shadow transform, we have 

5(1, y) = 

j 

= 5]Q(2y)"/2-4*(-(l-/)/2)\ 
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where t = {{n/2) mod 4). Suppose C had minimal distance 4[n/24] + 6. This fact determines 
Cj for < i < 2[n/24] + 2, and in particular C2[n/2i]+2- O^i the other hand, we can also 
express C2[n/24]+2 as a linear combination of the bj for small j. It turns out that these two 
expressions for C2[„/24]+2 a-re incompatible; in particular, we find that a certain nonnegative 
linear combination of the hj is negative. 

Rather than give the (somewhat messy) details of the proof, we will simply show how one 
can compute the coefficients in these linear combinations. This uses the Biirmann-Lagrange 
theorem: 

Theorem 32. (Biirmann-Lagrange.) Let f{x) and g{x) he formal power series, with g{0) =0 
and g'{0) ^ 0. // coefficients defined by 

0<i 



then 



I 



-[coeff. ofx'-^ ^n[jV-i/(2;)+xV'(x)](^)']. 



For proof and generalizations, see |327, p. 133], |10e], p73], |274|, |275|. 



For instance, to compute C2[„/24]+2) note that 

^ c.(l + y'r/'-^\y\l - y'fy = 1 + ©(/^^^l+e). 

i 

Dividing both sides by (1 + y^)"/^ and substituting y = VY, we get: 

T.^^ ( "ISVr? )' = (1 + + 0(r^["/^^]+^). 

We can then apply Biirmann-Lagrange, with 

f{Y) = (1 + y)"/2, g{Y) = y(i - y)2(i + yy^ 

to obtain 

Ci = ^[coeff. of r'-i in [^(l+y)""/2]((l+y)4(l_y)-2)'] 
= ^ [coeff. of y*-i in (1 + y)-«/2-i+4i(i _ y)-2i] 
= ^[coeff. of Y'~^ in (1 + y)-"/2-i+6i(i _ y^)-% 
In particular, for i = 2[n/24] -|- 2, 

C2K241+2 = 4[„/24]+4 ["""^- (1 + y)-"/2+12[„/24l+ll(i _ y2)-4[n/24]-4] 

74 



It follows that C2[n/24]+2 ^ 0) with equality only when n = 22 (mod 24), since all coefficients 
of any power series of the form (1 + y)"(l — Y'^)~'^ are positive whenever a, b > 0. 

Similarly, we find that the coefficients of the expansion of C2[n/24]+2 in terms of the bj are 
positive. This proves the bound, except when n = 22 (mod 24); the proof that the bound 
holds in that case and that a code meeting the bound is even if n = (mod 24) is left to the 
reader. ■ 

This bound agrees with the full linear programming bound for n < 200, and, most likely, 
for much larger n. However, it is likely that again it can only be attained for finitely many n. 
There is also an analogue of this bound for Type I codes from family 4^"*" . 

Theorem 33. // C is an additive self-dual code of length n and minimal distance d from 
family 4^^, then d < 2[n/6] + 2, except when n = 5 (mod 6)), when d < 2[n/6] +3. If n is a 
multiple of 6, then any code meeting the hound is even. 

We will call a code extremal if it meets the strongest of the applicable bounds from Theo- 



rems 28, 31, and 33. For Type II binary codes, ternary codes, and linear codes over GF{A) this 
agrees with the historical usage. For Type I binary codes, however, "extremal" has generally 



been used to mean a code meeting the much weaker bound of Theorem 28; in the light of 



Theorem 31, it seems appropriate to change the definition. 



Concerning codes over Z4, Bonnecaze, Sole, Bachoc and Mourrain [27| show: 

Theorem 34. Suppose C is a Type II self-dual code over Z4 of length n. Then the minimal 
Euclidean norm of C is at most 

n 

+ 8. (165) 



n 
24 



The proof uses C to define an even unimodular n-dimensional lattice A(C) = {^n G K" : 
u (mod 4) G C}, and examines its theta series. 

As usual, one can derive an analogue for Type I codes: 

Theorem 35. 1256| ] Suppose C is a Type I self-dual code over Z4 of length n. The minimal 
Euclidean norm of C is at most 

n 

+ 8, (166) 



n 
24 



except when n = 23 (mod 24), in which case the bound is 

n 

— + 12 . 

24 



(167) 



If equality holds in (167) then C is a shortened version of a Type II code of length n + 1. 
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We say that codes meeting either of these bounds are norm- extremal. For Type II codes 



this agrees with the definition given in [27|. 



There should be an analogous concept of Lee-extremal, but at present we do not know what 
this is. Of course, the bounds ( |166| ) and ( |167D also apply to Lee weight. But this is not a 
satisfactory bound, since it is not even tight at length 24, where the highest attainable Lee 
weight is 12 rather than 16 (see Table XVlp . 



The fact that, from Theorem 31, an extremal binary code of length a multiple of 24 must 



be doubly-even suggests that these codes are likely to be particularly nice. Indeed, we have the 



following result, which is a consequence of the Assmus-Mattson theorem (see [19C, Chap. 6], 
Theorem 11.14 of Chapter 1, Section 5 of Chapter xx (Tonchev)). 

Theorem 36. Let C he an extremal binary code of length 24m. Then the codewords of C of 
any given weight form a 5- design. 

Similarly, the supports of the minimal codewords of an extremal ternary code of length 
12m form a 5-design. For codewords of larger weight, the natural incidence structure is almost 
a 5-design, except that it may have repeated blocks. Similarly, for an extremal additive code 
over F4 of length 6m, the supports with multiplicities of the codewords of any fixed weight form 
a 5-design with repeated blocks. Harada |125| ] has shown that the Z4-lift of the Golay code 324 
also yields 5-designs. More generally, one can show that the words of any fixed symmetrized 
type, in any of the 13 Lee-optimal self-dual codes of length 24 over Z4, form a colored 5-design, 



possibly with repeated blocks [^. See also pl7[| . 

10. Lower bounds 

There are two ways to obtain lower bounds on the optimum minimal distance of a code 
of length n. The first way, naturally, is simply to construct a good code. Just as for general 
linear codes, there is also a nonconstructive lower bound, analogous to the Gilbert- Varshamov 
bound (cf. Theorems 3.1, 3.4, 3.5 of Chapter 1). 

We first consider the case of self-dual binary codes (family 2). 



Theorem 37. [29£], [191] Let n be any positive even integer. Let dcv be the largest integer 
such that 

J2 H < 2"/'"' + 1- (168) 



0<i<ii 
2\i 
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Then there exists a self-dual binary code of length n and minimal distance at least dcv- 



Proof If we can show that the expected number of nonzero vectors of weight less than dcv 
in a random self-dual code of length n is less than 1, it will immediately follow that there exists 
some self-dual code of length n with no such vectors. 

Let us therefore compute the average weight enumerator of the set of self-dual codes. 
Consider the group G of binary matrices that preserve the quadratic form /. On the vector 
space of even weight vectors, modulo the all I's vector, the quadratic form becomes symplectic, 
and the group acts as the full symplectic group. In particular, it is therefore transitive on 
nonzero vectors of even weight, modulo 1". It follows that the expected number of vectors of 
weight 2i in a random code must be proportional to (gj, except for i = or i = n/2. Thus 
the average weight enumerator has the form: 



l<i<n/2-l \ / 



W{x,y) = ax" + h \';Ax^-W + cy^ 

= ax^ + cy^ + h{\{x + y)" + i(x - yT - - y"). 

Since every self-dual binary code contains the vector and the all I's vector, 11^(1,0) = 
VF(0, 1) = 1; since every self-dual code contains a total of 2"/^ vectors, VF(1,1) = 2"/^. 
Solving for a, 6, and c, we find: 



W{x,y)=x- + y- + ,^^^j:^:^ E 

l<i<n/2-l 



1 ^ I 

2i. 



Thus the average number of nonzero vectors of weight less than d is 



1 y h 



Corollary 2. | 299 |, [ 191 | There exists an infinite sequence of self-dual [ni,ni/2,di] binary 



codes, such that Ui tends to infinity, and 

lim inf — > (5, 

i—*tx) m 

where 5 ~ .11002786 is the unique solution less than ^ of 

H2{S) = -51og2(<5) - (1 - 5)log2(l - S) 
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Proof. Take the logarithm of both sides of ( |168| ), divide by n, and let n tend to infinity. The 
resulting inequality is 

H2{S) < \, 

as desired. ■ 

Similar results hold if one restricts ones attention to codes of Type II: 



Theorem 38. |29£], [191| Let n he any positive multiple of 8. Let dcv be the largest integer 
such that 

^ M ^ 2"/2-2 + 1 (169) 



0<i<d 



Then there exists a doubly-even self-dual binary code of length n and minimal distance at least 
dav- 

Proof. Again we compute the average weight enumerator. The key observation is that the 
function induces a quadratic form on the space of even weight vectors modulo the all 

I's vector. The group of matrices that preserve this quadratic form is transitive on the kernel 
of this quadratic form; that is, vectors of weight divisible by 4, modulo 1". This allows us to 
write down the average weight enumerator: 



w„(.,!,) = .'' + ," + ^;:^ E (4") 

0<i<n/4 \ / 



-t/4 

Asymptotically, this agrees with Corollary || (as well as the Gilbert- Varshamov bound). 
For finite n, it is actually (slightly) stronger! That is, the constraint that the code be Type II 
makes it easier to find good codes. 

Similar arguments prove: 

Theorem 39. In each family from the list 2i, 2n, 3, 4^, 4^, 4^^, 4^^, and there exists 
a sequence of self-dual codes with length tending to infinity satisfying 

lim inf — > (5, 



where 

1 

2' 



H,{5) = 51og,(g - 1) - 51og,(5) - (1 - 5)log,(l - 5) 

The result for families q^ and q^ was first given by Pless and Pierce [ p4[| . 
Similar results hold for self-dual codes over Z4: 
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Theorem 40. There exists a family of Type II self- dual codes overl.i, with length tending to 
infinity, such that 

k 

lim inf - — > 5, 

where li is the minimal Lee weight of the ith code and 6 = H2^{l/2), as before. 

Theorem 41. There exists a family of Type II self- dual codes overl,^, with length tending to 
infinity, such that 

lim inf — > .34737283 ... , 

where is the minimal Euclidean norm of the ith code. 

11. Enumeration of self-dual codes 
11.1. Gluing theory 

Gluing is a technique for building up self-dual codes from smaller codes, and is especially 
useful when one is attempting to classify all self-dual codes of a given length. Typically one 
finds that there are many codes with low minimal distance and only a few with high minimal 
distance. Gluing theory is good at finding all the codes of low distance. 

The first formal description of gluing theory appeared in [62|. It has also been used in [34|, 
|7|, 0, m, etc. 



The theory applies to codes from any of the families that we have discussed in this chapter. 
Let Ci, . . . , Ct be self-orthogonal codes of lengths ni, . . . , with generator matrices Gi, . . . ,Gt. 
If C is a self-dual code with the generator matrix shown in Fig. |l| then we say that C is formed 
by gluing the components Ci, . . . ,Ct together, and we write 

C = (C1C2 . . . (170) 

to indicate this process. (Whenever possible the subcodes are chosen so that every minimal 
weight codeword of C belongs to one of the Ci.) The codewords in C which contain a nonzero 
linear combination of the rows of the matrix X are called glue words, since these hold the 
components together. A glue word has the form 

u = U1U2 . ..ut , (171) 

where each glue element Uj has length n^. Since C is self-dual, Uj is in C^. 
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Gi 



X 



Figure 1: Generator matrix G for a code formed by gluing components Ci, . . . ,C( together. 
Gi is a generator matrix for Cj, and X denotes the rest of the generator matrix for C. 



Let us choose coset representatives oq = 0, ai, 
so that 



,as-i for Ci in C^, where s = \G^-\/\Ci 



Then we can assume that each Ui in (|171| ) is one of ao, • • • , Os-i- 

As iUustrations we give the two indecomposable binary Type I self-dual codes of length 18 
(see Tables ^ and |V| ), using the components from the list in Section 11.3. The first code is 
formed by gluing three copies of the component together: 



1111 
1111 








1111 
1111 








1111 
1111 


010101 
010110 
000011 


000011 
010101 
000011 


010110 
000011 
000011 



(172) 



The three glue vectors shown are a6c, cab and bhb. 

The second code is formed by gluing together dio, ey and a "free" (or empty) component 
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fl-- 



1111 






1111 






1111 






1111 








1110100 






0111010 






0011101 




0101010101 


0000000 


1 


0101010110 


1111111 






The two glue vectors shown are 00^4 and cdO. 

Of course a seli- dual code has no (nonzero) glue. If a self-orthogonal code C has a com- 
ponent B, say, which is self-dual, then C is a direct sum C = B (B C , where C is again 
self-orthogonal. 

It may happen that there is a glue word in which only one Ui is nonzero, in which case we 
say that the component Cj has self-glue, and that n is a self-glue vector. So if C has a single 
component Ci (say) with self-glue, we write C = (compare (|170| )). 

A basic result of gluing theory is the following. 

Theorem 42. If a self-dual code C is formed by gluing together two codes Ci and C2 in such 
a way that there is no self-glue, then the quotient groups Ci/Ci and C2/C2 are isomorphic. 

We omit the easy proof. The isomorphism is given by ui -|- Ci — > ^2 + C2 whenever there 
is a glue vector U1U2. 

11.2. Automorphism groups of glued codes 

One advantage of the gluing method is that it makes it much easier to find the automor- 
phism group of a self-dual code C. We will denote the group by G{C) rather than Aut[C) in 
this section. It is essential that every automorphism of C takes the set of component codes 
Ci, . . . ,Ct to itself. We will always choose the components so that this is true. 

This being the case, any automorphism in G{C) will effect some permutation of the Ci, so 
that G{C) will have a normal subgroup Gqi consisting of just those elements for which this 
permutation is trivial. The group of permutations of the components that are realized in this 
way we call G2{C) — it is isomorphic to the quotient group G(C)/Goi. 

Let Go(C) be the normal subgroup of Gqi consisting of those automorphisms which, for 
every i, send each glue element Ui into a vector in the same coset Ui -\- Gi, i.e. which fix the 
glue elements modulo the components. Then Goi/Go(G) is isomorphic to a group acting on 
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Table I: Numbers of self-dual codes of length n. (a) Indecomposable Type II, (b) total Type 
II, (c) indecomposable self-dual, (d) total self-dual. 



n 





o 
z 


A 

4 


D 


Q 

o 


1 n 


1 o 


1 A 
14 


1 a 
io 


a 


1 








1 








1 


I 




1 








1 








2 


c 




1 


1 








1 





1 


1 


2 


d 


1 


1 


1 


1 


2 


2 


3 


4 


7 


n 


18 


20 


22 


24 




26 


28 


30 


32 


a 










7 










74 


b 










9 










85 


c 




2 


6 


8 


26 




45 


148 


457 




d 




9 


16 


25 


55 




103 


261 


731 





the glue elements of each component: we call this group Gi{C). Thus the full group G{C) is 
compounded of the groups Go(C), G'i(C) and G2(C), and has order 

\G{C)\ = \GoiC)\\G,{C)\\G2{C)\ . (174) 

Also Go(C) is the direct product of the groups Go(Cj). But in general Gi{C) is only a subgroup 
of the direct product of the Gi{Gi), and therefore must be computed directly for each G. 

11.3. Family 2: Enumeration of binary self-dual codes 

The enumeration of binary self-dual codes of length n < 32 has been carried out in a series 



of papers: Pless |229| for n < 20; Conway (unpublished) for Type II of length 24; Pless and 
Sloane ^] for n = 22, 24; Conway and Pless || forn = 26 to 30 and Type II of length 32 
(see also Pless [ p32| ). Some errors in the last two references were corrected in Conway, Pless 
and Sloane |65]. The results are summarized in Table |. 



In this section we describe these codes, drawing heavily from the tables in |65|. 

Since (from (Q)) there are at least 17493 inequivalent Type II codes of length 40, length 32 
is probably a good place to stop. 

Although the Type I codes of length 32 have not been classified, it is shown in |^] that 
there are precisely three inequivalent [32, 16, 8] extremal Type I codes. 

The following self-orthogonal codes will be used as components. 

d4 : [1111], glue: a = 0011, b = 0101, c = 0110, |Go| = 4, d = S{3) on {a, b, c}, |Gi| = 6. 
d2n{n > 3): 

[111100 . . . , 00111100 ........... 001111] , (175) 
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glue: a = 0101... 01, h = 0000. .. 11, c = 0101 . . . 10, |Go| = 2"-in!, |Gi| = 2 (swap a and c) 

67 : [(1110100)], glue: a = 1111111, Go = ^3(2), |Go| = 168, = 1. 

68 is the [8, 4, 4] Hamming code, see Section |3.2| . 

fn : If some coordinate positions contain very few codewords, it is often best to regard 
these places as containing the free (or empty) component fn = {0"}. In this case we label 
the coordinate positions by A, B, C, . . ., and use ABD for example to denote the glue word 
110100... . Also |Go| = 1. 

The above components are important in view of the following decomposition theorem for 
binary codes with low minimal distance. 

Theorem 43. (a) If a self-orthogonal code C has minimal distance 2 then C = ©C", where 
C has minimal distance at least 4- (b) If a self- orthogonal code C is generated by words of 
weight 4 then C is a direct sum of copies of the codes d2m (m- > 2) , 67 and es ■ 

Proof, (a) Suppose C contains a word of weight 2, say u = 1100 ... . Then any other word 
V G C must meet u evenly, so begins 00 ... or 11 .. . . Hence C = B®C' where B = [11]. (b) A 
set of mutually self-orthogonal words of weight 4 whose supports are linked is easily seen to 
be either a d2m for some m > 2, or an 67 or 63. ■ 

Remarks. (1) Suppose C is a self-dual code with minimal distance 4, and let C be the 
subcode generated by words of weight 4. Then C' is as described in part (b) of the theorem, 
and C can be regarded as being obtained by gluing C to some other subcode C" (the latter 
may be the free component /„). 

(2) Generalizing Part (a) of the theorem, it is easy to show that any self-orthogonal code 
over a field ¥q with length n > 2 and minimal distance 2 is decomposable ( []6^ , Theorem 3). 

The following are some additional components that will be used in Table ||. 

The code g24-m = 0, 2, 3, 4, 6, 8) is obtained by taking the words of the Golay code 
524 that vanish on m digits (and then deleting those digits). For the [16,5,8] first-order Reed- 
Muller code giQ the 8 digits must be a special octad, while for gis they must be an umbral 
hexad (see [70] for terminology). For < m < 6, 524-m is a [24 — m, 12 — m, 8] code. 



The [24,11,8] half-Golay code /124 consists of the Golay codewords that intersect a given 
tetrad evenly. 

The odd Golay code /i^4 is the [24, 12, 6] Type I code generated by /i24 and an appropriate 
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vector of weight 6. Alternatively, the odd Golay code may be obtained as follows. Let v G F^*^ 
be a fixed vector of weight 4, say v = 1^0^^. Then /i^4 = {u ^ g2i : wt{u n v) even} [j{u + v : 
u G 524, wt{u n v) odd}, with generator matrix 



1111 
1111 
1111 
1111 
1111 


1111 






n n 

\J \J \J \J 

1111 





n 

\j \j \j yj 



1111 





noon 

\j \j \j \j 




1111 




noon 

\j \j \j \j 





1111 


110 





110 





110 


110 
10 10 
10 10 


10 10 
110 
10 10 


10 10 
10 10 
110 


10 10 





10 10 





10 10 


10 10 
10 1 
10 1 


10 1 
10 10 
10 1 


10 1 
10 1 
10 10 


10 


10 


10 


10 


10 


10 



This code has weight enumerator a:2^+64x^^y^+375x^^/+960x^''y^°+1296j;^2y^^+960x^°y^^+ 
3753.8^16 _^ 64x^2/18 + y24^ and Aut{ht4) is the "sextet group" 26:3.5(6), of order 2^ .5 = 



138240 ([g4|], |7g, p. 309]). 

The first 11 rows of the above matrix generate /124; if the last row is replaced by 



111 


10 


10 


10 


10 


10 



we get the Golay code 524 itself; and if the last row is replaced by 



1111 


















we get {d\)'^ . 

Under the action of Aut{g2A) there are two distinct ways to select tetrads t = {c, d, e,/}, 
u = {a, 6, e, /}, V = {a, 6, c, d} so that t + u + v = 0, depending on whether {a, 6, . . . , /} 
is a special hexad or an umbral hexad (see Fig. |2|). Correspondingly there are two [24,10,8] 
quarter-Golay codes (724) Qm^ consisting of the codewords of §24, that intersect all of t, u, v evenly. 

We refer to [^] and |6^] for a description of the glue vectors for these codes. 

Our first table (Table |l^ lists all indecomposable binary self-dual codes of length n < 22, 
together with the indecomposable Type II codes of length 24, using the + notation of ( |17C| ). 
For these codes (and for most of those in the following tables) there is only one way to glue 
the specified components together without introducing additional minimal-weight words. We 
have therefore omitted the glue words from the table. (However, more information about these 
codes, including the glue words, will be given in Table |V^.) 
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Figure 2: Two choices for a hexad (special or umbral), used to define the two [24, 10, 8] quarter- 
Golay codes and 5^4. 







a b 






c d 
e f 



a b 


c d 


e f 









Table II: Indecomposable binary self-dual codes of length n < 24 (§ indicates a Type II code. 
For length 24 only Type II codes are listed). 



Length n Components 



2 

8 


i2 

4 




12 






14 






16 


d^ d^-^ 

"16' "8 




18 


(dioe7/i)+,ti^ 




20 


dto,{di2ds)^,{dldi)-^ 


,ie'rd6r,{dlf2)+,dl+ 
)+,idiodl)+,{d8e7dGfi 


22 


5^2' (^^1467/1)+, (dio/2 




{dsdlf2r,{dldlhr, 


(difir^ 


24§ 


924, c^24' dft, (dioef)"*" 


d8~^ ; do^ ) d4^ 



The next table (Tables III and |^) gives the full list of all 85 (decomposable or indecom- 
posable) Type II codes of length 32. This table is taken from [^5|, and is a corrected version 
of the table in [S2|. The codes are labeled from CI to CSS in the first column (using the same 
order as in |^ and |^). The second column gives the components (omitting the superscripts 
to save space). 

The third and fourth columns give the orders of the groups Gi{C) and G2{C), and the 
fifth column gives the order of the full group, using ( |174| ), where |Go(C)| is the product of the 
orders of the Go(Cj) for the components. The latter are given in Table The next column 
gives A4, the number of codewords of weight 4. The weight enumerator of the code is then 



(from Theorem 13) 



(x« + 14x^y^ + y^f - (56 - A4)x*y*(x* - /)*(x*' + 14x*y* + y 



A. A 



The last four columns give the number of self-dual codes (the "children", cf. Chapter xx 
(Pless)) of lengths 30, 28, 26, 24 that arise from the code. 



To save space, we have omitted the glue vectors from Tables [11 and IV. In many cases 
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they are uniquely determined by the components, and in any case they can be found in full in 



p^ , with corrections in [65|. 



The enumeration in Tables 111 and IV has been subjected to many checks, including the 
verification of the mass formula 

1 391266122896364123 



E 



\Aut{C)\ 532283035423762022400 



(in agreement with @). 



Remark. There are just five Type II codes of length 32 with minimal distance 8: the 
quadratic residue code C81 = (732, generated by 

(1001000110110111100010101110000)1 ; 

the second-order Reed-Muller code C82 = r32, generated by 

(1110010000010000001100000000000)1 ; 

and the three codes C83 = gf^ , C84 = ff^ and C85 = /2^^. Explicit generator matrices for 
the last three are shown in Fig. ^ 

Subtraction. Suppose for concreteness that C is a Type I code of length 26 with doubly 
even subcode Cq. Then we obtain a Type II code B (say) of length 32 by gluing Co to d^, as 
follows. Write = Cq U Ci U C2 U C3, as in Section |, where C = Co U C2, the shadow of C 
is Ci U C3, and Ci = Ui + Co for i = 1,2, 3. Then B is generated by 



Co 






d& 


Ui 


a 


U2 


b 


Us 


c 



(176) 



This is a special case of the following construction. Let C, D be any strictly Type I codes, 
of lengths ni and n2, respectively, with Cq^ = U^^qC,, Dq = uf^Q-^j- Then B = uf^gCj x Di 
is self-dual if ni + ^2 = (mod 4), and is Type II if ni + n2 = (mod 8). The weight 
enumerator of B is then 

3 

^Wc,{x,y)WD,{x,y) . 

i=0 



Several constructions in the literature (||35|], Theorems 1 and 2; [33|, Theorem 3.1, for example) 
are special cases of this construction. In ( |176| ) we have = i^- 
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In this way any Type I code of length 26 leads to a unique (up to equivalence) Type II 
code of length 32. 

Conversely, all Type I codes of length 26 can be obtained by choosing a de inside a Type 
II code of length 32 and inverting the above process. 

More generally, suppose B is a Type II code of length n. We choose a copy of D = so 
that Dq = d2m C B. Then we obtain a Type I code of length n — 2m by taking the vectors 
V such that vw £ B for some w £ D. We call this process subtraction. Every Type I code 
of length n — 2m can be obtained in this way by starting with a unique Type II code and 
subtracting an appropriate d2m- Of course any Type II code of length n — 2m is a direct 
summand of some Type II code of any greater length. 



Table Vl shows all (decomposable or indecomposable) codes of lengths n < 22 with minimal 



distance d > 4, as obtained by subtracting suitable codes d2m from one of the codes in Tables III 



and IV. The second column indicates the parent code in Tables ID and IV and the d2m to be 



subtracted. The next two columns gives the components, with a § to indicate a Type II code. 



and the name (if any) given to this code in |22S] or [|242(| . The remaining columns give the 



orders of the glue groups Gi and G2, the weight distribution, and generators for the glue. 



Table VIl gives the self-dual codes (both Type I and Type II) of length 24 and minimal 
distance d > 4. 

A complete list of all Type I or Type II self-dual codes of lengths n < 24 can be obtained 



by forming direct sums of the codes in Tables VI and VIl in all possible ways with the codes 
[m = 0,1,...). 

There are over 1000 self-dual codes of lengths 26-30 (see Table |, |62|, |^). The highest 
minimal distance is 6, and there are respectively 1, 3 and 13 codes with d = 6 of lengths 26, 
28 and 30. 

11.4. Family 3: Enumeration of ternary self-dual codes 

Ternary self-dual codes of lengths n < 20 (and the maximal self-orthogonal codes of lengths 



n < 19, 71 ^ (mod 4) have been enumerated by Pless |227] and Mallows, Pless and Sloane 



|194| for n < 12, Conway, Pless and Sloane [ p4| ] for n < 16, and Pless, Sloane and Ward |243| 
for n < 20. Leon, Pless and Sloane |180| ] give a partial enumeration of the self-dual codes of 
length 24, making use of the complete list of Hadamard matrices of order 24, and show that 



there are precisely two codes with minimal distance 9 (cf . Table XI I| below) . 
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We will make use of the following components. 

63: [111], glue: ±a, a = 120. If the coordinates are labeled 1, 2, 3 then Go is generated by 
(1,2,3) and (1,2) diag{-l, -1, -1} and has order 6; |Gi| = 2. 



t4 is the [4,2,3)3 tetracode, and gi2 is the [12, 6, 6)3 ternary Golay code, see Section 3.2 . 

giQ is the [10,4, 6)3 code consisting of the vectors u such that OOn G gi2- If x and y are 
chosen so that llx G gu, 12y G 1712, then the glue words for giQ can be taken to be ±x, ±y, 
±x±y. \Go\ = 360, |Gi| = 8. 

P13: Let Qo, Qi, . . . , Q12 be the points of a projective plane of order 3, labeled so that the 
13 lines are represented by the cyclic shifts to, ti, . . . , ti2 of the vector Iq given by 

Qo Qi Q2 Qi Qi Qs Qe Qi Qs Q9 Qw Qu Q12 
11010000010 



([ [190(1 , p. 695, [£3)- The vectors to,. . . ,ti2 generate a [13,7, 4)3 code ^^"3. The dual is P13, a 
[13, 6, 6]3 self-orthogonal code consisting of the vectors J2i=o o-iti with Oj G F3 and = Oi 
and having weight distribution Aq = 1, Aq = 156, Ag = 494, A12 = 78. Go(pi3) ~ PGL3(3), 
of order 5616, |Gi(pi3)| = 2. The glue words are ±to- 



The indecomposable self-dual codes of lengths n < 16 are shown in Table |VII|. denotes 
a suitably normalized version of the Hadamard matrix of order 8. 

The analogue of Theorem ^ is: any self-orthogonal ternary code generated by words of 
weight 3 is a direct sum of copies of 63 and t4. A technique for classifying self-orthogonal codes 
generated by words of weight 6 (using "center sets") is given in [ p43| . 

11.5. Family 4^: Enumeration of Hermitian self-dual codes over F4 



These have been classified for lengths n < 16 [64] — see Table IX. 
We will make use of the following components. 

d2n {n > 2): generated by ( [1751) . There are 16 cosets of d2n in rf^n; ^-^d as glue words we 
choose 0, io'^a, uj^h, uj^c, uj^d, uj^e, v G {0, 1,2}, where 



a = 


1010. 


. 1010 


b = 


0000. 


.0011 


c = 


1010. 


. 1001 


d = 


1010. 


. 10a;a7 


e = 


1010. 


. lOuJiO 
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Also |Go| = 2"-in!, |Gi| = 36 (n = 2), or 12 (n > 3). 

65 : [wcJuJwO, OcJcjtZJcj], glue: u'^l, u G {0, 1,2}, Go = ^(5), of order 60, |Gi| = 6. 



h% is the hexacode, (E) F4, es F4 are F4-versions of the Hamming codes in Sections 3.2 
and 1„ is the [n, l,n]4 repetition code. 



Remarks. (1) The group orders differ slightly form those in ||6J], since now we are allowing 
conjugation in the group. 

(2) The dots and double-dots in the glue column indicate multiplication by uj ov , re- 
spectively. 

(3) The unique distance 6 code at length 14, §14, is the [14, 7, 6]4 extended quadratic residue 
code generated by 

(4) The analogue of Theorem ^ is: (a) any self-orthogonal code with minimal distance 2 
has 12 as a direct summand; (b) any self-orthogonal code generated by words of weight 4 is a 
direct sum of copies of ^4, dg, ■ ■ ■, 65, Hq, ej and eg- 

11.6. Family 4^: Enumeration of Euclidean self-dual codes over F4 



Although even codes of length up to 14 were classified in |18£], the odd codes do not seem 
to have been classified. 

11.7. Family 4^+: Enumeration of trace self-dual additive codes over F4 



These have been classified up to length 7 (and Type II code up to length 8) in |49|, [|134j| . 

The analogue of Theorem ^ is the following. Let dn be the code of length n generated by 
all even- weight binary vectors (n > 2), and let 12 = [11,ujuj]. Then any trace self-orthogonal 
additive code over F4 generated by words of weight 2 is a direct sum of copies of 12, d2, d^, 
di, . . .. 

d^ (mentioned in Table XIV| ) is the code of length n, containing 2" words, generated by 
dn and loco . . .lo. 

11.8. Family 4^: Enumeration of self-dual codes over Z4 

These have been classified for lengths up to 16 in the following papers: Conway and Sloane 



1 71] for n < 9, Fields, Gaborit, Leon and Pless [Rq] for n < 15, and Pless, Leon and Fields 



1 239 1 for Type II codes of length 16. 
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In this section we will present enough component codes to state the analogue of Theorem 43 



The smallest self-dual code is ii = {0,2}. If a self-orthogonal code C contains a vector of 
the form 2^0"~^ then C = ii © C is decomposable. The next-simplest possible vectors are 
"tetrads", of type ±1^0*^"^. We list a number of self-orthogonal codes that are generated by 
tetrads; t denotes the total number of tetrads in the code. 

The first four codes have the property that the associated binary code C^^^ is the self-dual 
code d2m of ( 11751 ). 

P2m {m > 2) is generated by the tetrads 11130 ... 0, 0011130 ... 0, . . . , . . . 01113; |p2m| = 
4"^-!, \Aut(p2m)\ = 2.4! (m = 2) or 22.2™ (m > 2), t = 2(m - 1). V^^/V2m is a group of 
type 4P with generators vi = 0101 . . . 01, f2 = 00 . . . 0011. 

^2m ("^ ^ 2) is generated by and the tetrad 1300 . . . 0011 (or equivalently the vector 
2020... 20); \V§J = 4'"-i2, \Aut{V§^)\ = 2^.8 (m = 2) or 2.2""-^. 2m (m > 2), t = 2m. 
(^2m)'''/^2m a cyclic group of order 4 generated by vi (if m is odd), or a 4-group generated 
by vi and 2^2 (if m is even). 

'Dtm (m > 2, but note that ~ P^) is generated by P2m and 2^2; \V:^J = 4"""^ 2, 
\Aut{V:^^)\ = 2'".2'^+\ t = 4(m - 1). (2?^„)-^/I?^„ is a 4-group generated by 2vi and V2. 



'Dfrn ("^ > 2) is the self-dual code generated by and Pj„; \Vf^\ = 4r-^2^, \Aut{V: 



2m J 



2'^. 4! (m = 2) or 2"^. 2™. 2m (m > 2), t = 4m. For use in ( |158D we note that there are two 



permutation-inequivalent versions of P®, with generator matrices 





"1 


1 


1 


1" 




"1 


CO 


3 


CO 


a) 





2 





2 


, (b) 





2 





2 










2 


2. 




.0 





2 


2. 



(177) 



T>f (in either version) has swe = + Qx^z^ + + 8y^. 

is generated by 1003110, 1010031, 1101003; {SjI = 4^, \Aut{£7)\ = 2.4!, t = 8. £^ /Sj is 
a cyclic group of order 4 generated by 3111111. 

£^ is the self-dual code generated by £j and 2222222 (or equivalently by all cyclic shifts of 
3110100); I^Ty^l = 4^2, \Aut{£+)\ = 2.168, t = 14, syje = x'^ + z"^ + 14y4(x3 + z^) +7x^23(2; + 
z) + 42xy^z(x + z). For both iSy and the associated binary code C*-^-* is the Hamming code 

67. 

(fs is the self-dual code generated by Ou, u £ 87 and 30001011. An equivalent generator 
matrix has already been given in (|40|). \£s\ = 4^, g = 8.2.4! = 384, t = 16, stt;6 = + 16y^ + 



+ 16y^(x^ + z^) + Ux^z^+ 48xy^z(x2 + z^) +96x'^y^z^ 
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Theorem 44. Any self- orthogonal code over Z4 generated by vectors of the form ±1^0"" ^ is 
equivalent to a direct sum of copies of the codes 

V2m, -D^m, '^L, 2?L(m = 1,2,...), £7, ■ 

The (somewhat comphcated) inclusions between the codes mentioned in the theorem can 
be seen in Fig. 1 of ||7l|| . 

12. Extremal and optimal self-dual codes 

Recah from Section ^ that we have defined a self-dual code from any of the families 2 through 

to be extremal if it meets the strongest of the applicable bounds from Theorems ^ and 
[3^ , that is, if its minimal distance d is equal to 

(2i) 4 [^] + 4 + e, where e = -2 if n = 2, 4 or 6, e = 2 if n = 22 (mod 24), and e = 
otherwise, 

(2n)4[i|]+4, 

(3)3[f|]+3, 

(4^)2[t]+2, 

(4^) m + 1> 

(4f +) 2 [|] + 2 + e', where e' = -1 if n = 1, e' = 1 if n = 5 (mod 6), and e' = otherwise, 

(4^^+)2[|]+2, 

(<ZH), (gE) [§]+l. 

We also defined a code over Z4 to be norm-extremal if its minimal norm is 

(4^) 8 ] + 8 + e" 
where e" = 4 if n = 23 (mod 4), e" = otherwise. 

It is very likely (although we do not have a proof) that the above bounds for families 2 
through are the highest minimal distance that is permitted by the pure linear programming 
bound applied to the Hamming weight enumerator and (when relevant) the shadow enumerator. 

In contrast, we call a code optimal if it has the highest minimal distance of any self-dual 
code of that length. An extremal code is automatically optimal. 

In this section we will summarize what is presently known about extremal and optimal 
codes in the families we are considering. Earlier summaries of extremal codes and lattices have 
appeared in Chapter 7 of ||7^, ]147[ . In the tables we have tried to list all known codes with 
the specified minimal distance (a period indicating that the list is complete), or else to indicate 
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how many extremal codes are known. Whenever possible we have attempted to name at least 
one extremal code. 



12.1. Family 2: Binary codes 

Type I codes meeting the d < 2[n/8] + 2 bound of Theorem pi (the old definition of 



extremal) were completely classified by Ward [ pl9| (finishing the work begun in []196| , |229| , 
HI): such codes exist if and only if n is 2 (^2), 4 (i|), 6 (if), 8 (eg), 12 (df^)^ 14 (e^+), 22 (g^^) 
or 24 (524) — compare Tables || and Vl. In each case the code is unique. 

However, there are many more Type I codes that are extremal in the new sense, and they 



have not yet been fully classified. It is known (Theorem 29) that extremal Type II codes do 
not exist for lengths > 3952 and presumably a similar bound applies to extremal Type I codes. 

Table ^ shows the highest possible minimal distance for binary self-dual codes of lengths 
n < 72. This is based on earlier tables in Fig. 19.2 of |190|] , [l69|| and |Q. In the table dj (resp. 
djj) denotes the highest minimal distance of any strictly Type I (resp. Type II) self-dual code. 

Remarks on Table ^ 

The fourth column of the table gives the known codes having the indicated minimal dis- 
tance. As mentioned above, a period indicates that the lists of codes is complete. (The 
enumeration for lengths n < 32 has already been discussed in Section 11. 3| .) When n is a 
multiple of 8 a semicolon separates the Type I and Type II codes. 

In the years since the manuscript of |^9| was first circulated, a large number of sequels 
have been written, supplying additional examples of self-dual codes in the range of Table 
The bibliography includes all the manuscripts known to us, even though inevitably not all of 
them will be published. It was not possible to mention all these references in the table, so 
instead we list them here. This list also includes a number of older papers. Readers interested 
in extremal self-dual codes, especially of Type I, in the range of the table should therefore 
consult the following: [||], 



I, H, |0|], ill, i2|, |3|, iSll, H, i8|, i85l, |86C, |87[, |107| 

| T08| , M , [ pTOj , ilmj , [pll , PI , poU , [IT21II , PI , iT29|] , p^ , p^ ], po| ], p9| ], pT 



1 1521 , M , M , M , M , M , [p3l , p38|| , M , M , M , M , M , M , M , 



13101 , 13111 , i333[, i33|, ^3351, fSS^, fSS;^]. 

Note that if we don't distinguish between Type I and Type II codes, but just ask what 
is the highest minimal distance of a binary self-dual code, then the answer is known for all 
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n < 60. 

The symbol XQm in any of these tables indicates an extended quadratic residue code of 
length m + 1. Both quadratic residue codes and double circulant codes provide many examples 
of good self-dual codes (cf. Section 12 of Chapter 1, Chapter xx (Ward), Chapter yy (Pless), 



|190, Chapter 16]). There are two basic types of binary double circulant codes, having generator 
matrices of the form 



1 


1 


1 1 1 


1 


1 




1 


1 


R 


1 


1 




1 


1 





(178) 



or 



1 




1 




1 


R 


1 




1 





(179) 



where is a circulant matrix with first row r (say). ( |178D is used only when the length is a 
multiple of 4. Such codes and their generalizations to other fields have been studied by many 
authors, including [||], |l|, |lO|]-|ll|], |l4^, ||l5|, |l5|], ll86|, H^, [|l9^. Chap. 16], p48| , 
1 263, Hi-ill- Table P, based on || and Hol, gives a selection of double 



circulant binary codes. Code H86 (from |p3|) is the shortest Type I self-dual code presently 



known with d = 16. The first column gives the name of the codes, following |69|, and the last 
column gives r, the initial row of i?, in hexadecimal. The codes marked (*) are not necessarily 
optimal. The minimal distance of the last two codes in the table was determined by Moore 



1 203 1, 1204]. For these two codes r has I's at the squares modulo 43 and 67, respectively. Moore 
remarked that the analogous code of length 168 might also have been extremal. However, Aaron 
Gulliver (personal communication, Nov. 1997) has shown that the minimal distance of this 
code is at most 28. 

We see from Table ^ that there are extremal Type I codes (in the new sense) that are not 
also Type II codes at lengths 

2, 4, 6, 12, 14, 16, 18, 20, 22, 32, 36, 38, 40, 42, 44, 46, 60, 64, 66, 68 

that such codes do not exist at length 

8, 10, 24, 26, 28, 30, 34, 48, 50, 52, 54, 58 (180) 
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and that their existence at lengths 

56,62,70,72 (181) 



is at present an open question. The nonexistence of the Type I codes of lengths in ( |180[ ) is 
established by imposing the extra condition that the shadow enumerator must have integral 
coefficients. 

Concerning extremal Type II codes, with d = 4[n/24] + 4, these exist for the following 
values of n: 

8, 16, 24, 32, 40, 48, 56, 64, 80, 88, 104, 136 

but their existence at lengths 72 and 96 and all greater lengths is open. For lengths 8, 24, 32, 
48, 80 and 104 we can use extended quadratic residue codes, and for lengths 40, 56, 64, 88, 
136 we can use double circulant codes (see Table ^|). 

Only one [48, 24, 12] code is presently known, XQ^i, which is generated by 1 and 

1(01111011110010101110010011011000101011000010000) 



(with I's at the nonzero squares modulo 47). Huffman |139| has shown that any Type II 
[48, 24, 12] code with a nontrivial automorphism of odd order is equivalent to XQ4i. Houghten, 
Lam and Thiel (cf. ]136[) are attempting to establish by direct search that XQ^j is unique. 



As Table ^ shows, if n > 40 is congruent to 8 or 16 (mod 24) there are often large numbers 



of extremal codes. It is easy to find [72,36, 12] Type II codes, for example XQji; |8^ shows 
that there are at least 33 inequivalent codes with these parameters. 

Concerning the existence of self-dual codes with a specified minimal distance, the following 



results were established in [69|. Self-dual codes with minimal distance 
d > 6 exist precisely for n > 22; 
d > 8 exist precisely for n = 24, 32, and n > 36; 
d > 10 exist precisely for n > 46; 

d > 12 existQ for n = 48, 56, 60 and n > 64; perhaps for n = 62; and do not exist for all 



other values of n. (As pointed out in the [58,29,12] self-dual code claimed in [15| is an 
error.) 



Dougherty, Gulliver and Harada [83|, extending work in [69|, show that codes with 



^The existence of a [7 0. 35 , 12] was not known when ]6£| was written, but such a code was later found by 



Scharlau and Schomaker [ 27f ] 
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d > 14: exist for n > 78; perhaps for n = 70, 72, 74, 76; and do not exist for all other values 
of n; 

d>16 exist for n = 80, 86, 88, 96, 100-104, 112 and n > 120 (and possibly for other values 
of n). 

12.2. Family 3: Ternary codes 



Table |XII| shows the highest possible minimal distance for ternary self-dual codes of lengths 
n < 72. 



Remarks on Table XII 



For the entries at lengths n < 24, see the discussion in Section 11.4 . 

Extremal codes exist at lengths 4, 8, 12, 16, 20, 24, 28, 32, 36, 40, 44, 48, 56, 60 and 64. 
Extremal codes do not exist at lengths 72, 96, 120 and all n > 144, because then the extremal 
Hamming weight enumerator contains a negative coefficient. The existence of extremal codes 
in the remaining cases (n = 52, 68, 76, . . ., 140) is undecided. 



In Table XII, XQn denotes an extended quadratic residue code of length n + 1, and S{n) 



denotes a Pless double circulant (or "symmetry") code of length n (see Section 5 of Chapter 



"coding-constructions", M, |1, pi, [228|, pq]). A [28, 14,9]3 code was discovered by 



Cheng and R. Scharlau |5^. Another such code was given by Kschischang and Pasupathy 
|174 |, namely the negacyclic code generated by the polynomial (x^ + x — l)(x^ — x^ + x^ + x"^ 



l)(x^ — x^ — X — 1), i.e. by the vectors 

(2002021222020010000000000000)- , 

where the subscript — indicates that the code is negacyclic. Huffman |146| ] shows that there 
are at least 14 inequivalent [28, 14, 9]3 codes with nontrivial automorphisms of odd order. 

Ward ]321| and Dawson [|7^ independently discovered that [40,20, 12]3 codes can be con- 
structed using generator matrices of the form [/20-f^2o]) where H20 is a Hadamard matrix of 
order 20. There are three distinct Hadamard matrices of this order, and Dawson shows that all 
three produce [40, 20, 12]3 codes. Harada 123| shows that these three codes are inequivalent. 



Dawson also shows that the same construction using the Paley-Hadamard matrix of order 32 
leads to a [64, 32, 18]3 self-dual code. A [64, 32, 18]3 code i?24 (equivalent to Dawson's) had 
been constructed earlier by Beenker |T^. 
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The codes of length 32, 44, 52, 56 and 68 can be obtained by "subtracting" (see Section 
a copy of t4 from a code of length 4 greater. 

Other constructions for ternary self-dual codes can be found in Harada [123] and Ozeki 

mi- 



12.3. Family 4^: Hermitian self-dual codes over F4 



Table PCIII| shows the highest possible minimal distance for Hermitian self-dual codes over 
^"4 of lengths n < 32. 



Remarks on Table XIII 



A period in the "Codes" column indicates that the list is complete. 
For the entries at lengths n < 16, see the discussion in Section [11.5 



Extremal codes exist at lengths 2, 4, 6, 8, 10, 14, 16, 18, 20, 22, 28 and 30. They do not 
exist at lengths 12, 24, 102, 108, 114, 120, 122 and all n > 126 (the larger n being eliminated 
by the presence of negative coefficients in the extremal Hamming weight enumerator). The 
remaining lengths (26,32,34, . . .) are undecided. 

The [18, 9, 8]4 code 5i8 generated by 

1 ( IuuJljljljujujujljljljijloujlJll) ) 



has a number of interesting properties (see 189 [, [67], [^, ]235| ] ) . It has automorphism group 
3 X (P5L2(16).4), of order 48960 |9| and is the unique [18,9,8]4 code |l4|]. 

The long-standing question of the existence of a [24, 12, 10]4 code was settled in the negative 
by Lam and Pless [[176|] (see also |141|]). The code (724 is an example of a [24, 12,8]4 code. 



12.4. Family 4^+: Additive self-dual codes over F4 



Table XIV , taken from |4£], shows the highest possible minimal distance for additive codes 
over F4 of lengths n < 30 that are self-dual with respect to the trace inner product. 



Remarks on Table IXIV 



A period in the "Codes" column indicates that the list is complete. 

Extremal Type I codes exist at lengths 1-6, 8-12, 14-18, 20-22 and 28-30, and do not exist 
at lengths 7, 13 and 25. Lengths 19, 23, 24, 26, 27 are undecided. 
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Many of the entries are copied from the table of Hermitian self-dual codes, Table Kill, The 



codes are defined in Section 11.7 , /ig is the hexacode, and /15 is the [5,2.5,3]4+ shortened 
hexacode, generated by (OIloluI), with weight enumerator + lOx^y^ + ISxy^ + 6y^ and 
\Aut{h5)\ = 120. Also, cg, C15, C21, C23, C25 are cyclic codes with generators shown in Table XV . 
If no name is given, the code can be obtained by shortening a code of length one greater. 

12.5. Family 4^: Self-dual codes over Z4 



, |149|, 123|] and [g5|. The 



Table XVl gives the highest possible Hamming distance, Lee distance and Euclidean norm 
for codes over Z4 of lengths n < 24. This is based on [35 
columns headed 7^ give the number of extremal codes. 

Remarks on Table prVT] 



The length 16 code Ciq is given in [23£], where it is called 5_f5. It has \Aut{CiQ) 
25+i022g y generator matrix 
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The codes C17 and Cig mentioned in the table have generator matrices 
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and 
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and automorphism groups of orders 576 and 144, respectively. 

G24 was defined in (41), and G19 through G23 are shortened versions of it. 

Besides the norm-extremal codes of length 8, 12, 14-24 shown in the table, there are also 
norm-extremal codes of lengths 32 and 48 obtained by lifting binary extended quadratic residue 
codes to Z4. The code of length 32 has minimal Lee weight 14 and minimal norm 16. Pless 



and Qian [241| have shown that the code of length 48 has minimal Lee weight 18 and minimal 
norm 24. 

Further examples of good self-dual codes over Z4 may be found in |]22|, |2^], p^, |[5l[], 



loi, iTT2|, [|T5|, |2|, g, ig, g. 



13. Further topics 

13.1. Decoding self-dual codes 

The problem of decoding self-dual codes is an extremely important one for applications, 
but we will not discuss it here. Decoding the binary Golay code, in particular, has been studied 
in many papers — see §, [||], !§, 0, Chapter 11], |3|, l23|], |25|], |29|, [|l|, [|l|]. See 



also ||25q ], |314| , and Section 8 of Chapter "codes-and-groups" . 



13.2. Applications to projective planes 

There is a very nice application of self-dual codes to projective planes. If n is congruent to 2 
(mod 4) then the incidence matrix of a projective plane of order n generates a self-orthogonal 
code Cn, which when an overall parity-check is added becomes an [n^+n+2, ^(n^+n+2), n+2] 



Type II self-dual binary code (see |^], |192] or Chapter "assmus" for the proof). 

It was a famous unsolved problem to decide if a projective plane of order 10 could exist. 
The weight enumerator of Cio was initially studied in |192| (see also [197| ). Finally, after 
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many years of work, Lam, Thiel and Swiercz [177] (see also [|175|] ) succeeded in completing this 
project and showed that Cio (and hence the putative plane of order 10) does not exist. 

The possibility of the existence of a plane of order 18 (or 12, but then we do not obtain a 
self-dual code) remains an open question. 

13.3. Automorphism groups of self-dual codes 

Various topics concerning the automorphism groups of self-dual codes are discussed in 
chapter "codes-and-groups" , e.g. the full automorphism groups of extended quadratic residue 



codes, the occurrence of self-dual codes with a trivial group (see [39], ]|6^, ] 120 ], ]|180(] , |207] 
] 305| ), and the existence of self-dual codes with any prescribed symmetry group ( [pO 



13.4. Open problems 

Do there exist [72, 36, 16] or [96, 48, 20] Type II self-dual binary codes? (Cf. |6|, Q, pl . 



M, p82|). 

Fill in the other gaps in Tables pCIl] , XIII. No extremal Hermitian self-dual codes over 
F4 of any length greater than 30 are presently known! 

There is an interesting open question concerning self-dual codes of length 24. There exists 
a unique [24,12,8] binary code, exactly two [24, 12,9]3 ternary codes, and no [24, 12, 10]4 



Hermitian or Euclidean self-dual code over F4 ( [176| ). But the possibility of an additive trace- 
self-dual code of length 24 over F4 with minimal distance 10 remains open (see Table |xrv| ). 
From Theorem |3^, if such a code exists then it must be even. However, all our attempts so far 
to construct this code have failed, so it may not exist. 

When is the first time a Type I binary code has a higher minimal distance than the best 
Type II code of the same length? (No such example is presently known.) 

In this regard it is worth mentioning that there is a [32, 17,8] binary code [^0|, which has 
the same minimal distance as the best self-dual codes of length 32, yet contains twice as many 
codewords. There are similar examples in the ternary case — see Chapter "Brouwer". 

The Nordstrom-Robinson code (see Chapter 1) is an example of a nonlinear code that has a 
higher minimal distance than any self-dual (or even linear) code of the same length. However, 
as mentioned in Section |3.2| , the Nordstrom-Robinson code should really be regarded as a self- 
dual linear code over Z4 (the octacode og). When is the first time a non-self-dual [n,n/2,d] 
binary linear code has a higher minimal distance than any [n,n/2,d'] self-dual code? This 
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certainly happens at length 40, but may happen at length 36 or 38. 

Is there any difference asymptotically, as n — > oo, between d/n for the best binary codes, 
the best binary linear codes and the best binary self-dual codes? 

Let i7„ denote the collection of binary self-dual codes that have the highest possible minimal 
distance at length n, and let L„, [/„ be respectively the smallest and largest orders of Aut{C), 
C G ^n- When (if ever) is the first time that = Un = ^'^ Is there an infinite sequence of 
values of n with Show that L„ = 1 for all sufficiently large n. 

14. Self-dual codes and lattices 

There are many connections and parallels between self-dual codes and lattice sphere pack- 
ings. Our original intention was to end the chapter with an account of these connections, but 
constraints of space and time have not permitted this. Instead, we give a brief list of some 
of the parallels, to whet the reader's appetite. For more information about the relationship 



between the two fields, see H), ||], @, Q, |0|, |8§, l28|] and especially 0], [|73| 



Coding concept 



Lattice concept 



Binary linear code 
Dual code 

Self-orthogonal code 

Self-dual code 

Doubly-even self-dual code 

Hamming code eg 

Hexacode /ig 

Binary Golay code g2i 

Minimal distance 

Number of minimal weight words 

Weight enumerator W{x,y) 

MacWilhams identity (Eq. (33)) 

(weight enumerator of dual code in terms 

of weight enumerator of code) 
Gleason's theorem (Theorem 11) 

(weight enumerator of doubly-even 

code is polynomial in weight enumerators 

of 68 and (724) 



Lattice 
Dual lattice 
Integral lattice 
Unimodular lattice 
Even unimodular lattice 
Root lattice (0, P- 120) 
Coxeter-Todd lattices K12 (||7i 
Leech lattice A24 (0, P- 131 
Minimal norm 
Kissing number 
Theta series 



p. 127) 



Jacobi identity ([70|, p. 103) 

(theta series of dual lattice in terms 

of theta series of lattice) 
Hecke's theorem (Q, p. 187) 

(theta series of even unimodular 

lattice is polynomial in theta series 

of Es and A24) 



The similarity between the theorems of Gleason and Hecke is particularly striking, and we 
will end the chapter by saying a little more about this. Suppose C is a binary code of length 
n. Construction A produces an n-dimensional sphere packing A(C), consisting of the points 
-^x for j; G Z", X (mod 2) EC. If C is linear, A(C) is a lattice; if C is self-dual, A(C) is 
unimodular; and if C is Type II, A(C) is an even unimodular lattice. 
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If C is a linear code with weight enumerator Wc{x, y), then Wc{03{2z), 62{2z)) is the theta 
series of A(C), where 



Hz) 



{m+l/2)2 



m=— oo 



r7i=— oo 



where q = e'^*^, lm{z) > 0. This map gives an isomorphism between (a) the ring of weight 
enumerators of Type I self-dual codes, C [02,^8] (see Eq. and the ring of theta series of 
even-dimensional unimodular lattices, €[^3, Ag], where 

00 

m=l 

and (b) the ring of weight enumerators of Type II self-dual codes, C[i;^)8, i;^24] (Theorem p^), 
and the ring of theta series of even unimodular lattices, C[0£;g, A24], where 



l + 240 Ea3(m)52m 



m=l 



2m\2i 



A24 = q^X{{l-q 

m=l 

and a^{m) is the sum of the cubes of the divisors of m. For further information see ||70| , 
Chapter 7]. 

The bibliography also contains a number of references that are concerned with particular 
constructions of lattices from self-dual codes, or of properties of lattices that are analogous to 
properties of self-dual codes mentioned in this chapter: S, [22|, [23|, [26|, [51|, [55|, [31|, 



|6|, |7|, ii, [ni, g, m, m, m], loi, [m, iii, ig], m 



p70|, pnf, [p72|, 
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Table III: Doubly-even self-dual (or Type II) binary codes of length 32 (Part 1) 



Code 


Components 


1^ 1 1 


IG2I 
1^ z 1 


1^ 1 


Aa 










CI 


d32 




1 


23U065372-I I I Q 


120 


2 


2 


1 


1 


C2 






1 


22736527211 


80 


4 


3 


2 


2 


C3 






1 


2263653-7 


60 


5 


4 


2 


2 


C4 






2 


222365.73 


50 


5 


3 


2 


1 


C5 


^1d 




2 


229345272 


56 


3 


2 


1 


1 


C6 


^J,^ ftPa 




2 


227345. 7-'^ 


56 


5 


3 


2 


2 


C7 


Ci.-\ n fi.i-i 




2 


227345.7 


40 


6 


4 


2 


2 


C8 


cZi4(iin67 f^ 




1 


220345272 


38 


11 


5 


3 


2 


C9 






6 


220365.7 


30 


6 


4 


2 


1 


CIO 




2 


22535527 


44 


5 


3 


2 


2 


Cll 






2 


2253552 


36 


6 


4 


2 


2 


C12 






2 


22^3^5 


28 


11 


7 


2 


2 


CIS 


di2e^dQ 




2 


219355.72 


32 


9 


5 


3 


1 


C14 






6 


2^^365 


24 


9 


4 


2 


1 


C15 






120 


2223852 


20 


5 


3 


1 


1 


C16 






6 


2223453 


30 


5 


2 


1 


1 


C17 






4 


2223452 


26 


7 


4 


2 


1 


C18 


d^ ne«e? 




2 


220345.73 


38 


8 


4 


3 


2 


C19 


dACid.QPid.ei fi 




1 


2^9345.7 


26 


17 


7 


4 


2 


C20 


dindiidc fo 




2 


2203^5 


22 


15 


6 


3 


2 


C21 


d \f\dr.d A fo 

d^nd"^ fa 




4 


2^9335 


18 


16 


6 


2 


1 


C22 




24 


2^^335 


14 


9 


3 


1 


1 


C23 


fi.-\ n /7oo 




1 


2^533527]^]^ 


10 


4 


2 


1 


1 


C24 


el 




24 


2273574 


56 


2 


1 


1 


1 


C25 






6 


225357 


32 


5 


3 


2 


2 


C26 




-[^ 


24 


221367 


26 


5 


3 


2 


1 


C27 






720 


222345.7 


20 


4 


2 


1 


1 


C28 






1 


2^63^5.7211.23 


14 


3 


1 


1 


1 


C29 


4 




24 


22735 


24 


3 


2 


1 


1 


C30 






8 


22734 


24 


4 


2 


1 


1 


C31 






6 


22334 


20 


6 


3 


1 


1 


C32 


dlA f9 

8 7^ z 




4 


2203472 


26 


10 


3 


2 


1 


C33 


(^8^^6/4 




4 


22034 


18 


14 


4 


2 


1 


C34 


dld\ 




16 


22432 


16 


8 


4 


1 


1 


C35 


d.QP'jd^^d.A fi 




2 


2I8347 


20 


18 


7 


3 


1 


C36 






8 


22135 


18 


7 


4 


2 


1 


C37 


d^dt^dadA^fi 




2 


2I834 


16 


22 


9 


3 


1 


C38 


dsd^dlU 
dgded^fQ 




4 


2I833 


14 


20 


7 


2 


1 


C39 




6 


21733 


12 


17 


6 


2 


1 


C40 


dsdl 




48 


22232 


12 


7 


4 


1 


1 


C41 


dsdffs 
dgd^die 




24 


2I832 


10 


12 


4 


1 


1 


C42 


36 


2 


2^733 


8 


9 


3 


1 


1 


C43 






1 


2I6345 


6 


5 


2 


1 


1 


C44 


67^4 




24 


2173574 


29 


4 


2 


1 
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Table IV: Doubly-even self-dual (or Type II) binary codes of length 32 (Part 2) 



uocie 


Components 


1/^ 1 


\r< 1 


|G| 


A 


'^•30 


?l28 


?l26 


'^24 


U40 




1 


a. 

D 


Z / 


OQ 

Zo 


b 


Q 



z 


u 


U4d 


e? "6 £14/3 


1 


D 


015057 
Z ( 


1 7 
1 r 


lo 


4 


z 


n 
U 




67^4/3 

670(4/9 


1 


Z4 


z 3 7 


14 


Iz 


4 


z 





r^A Q 
U4o 


1 C 


z4 


o15q47 
Z ( 


11 


7 
1 



z 


1 


U 


P/1Q 


67^521 


D 


1 
1 


9l2q4c; 72 
Z o 0. 1 


Q 



D 


9 
z 


1 
1 


n 
u 


UoU 




1 


1 n 
iU 


ol6Q5r 
ZOO 


lo 


D 




z 


i 


U 




«6"4 


1 


/I Q 

4o 


O20q5 

z o 


1 yi 
14 










1 


U 




rl4: f 

«6/8 
j3 j3 f 


1 
i 


Q 




nl7q4 
Z o 


io 


1 Q 

lo 


/I 
4 


1 
i 


u 






z 


0/1 
Z4 


Z o 


1 
iZ 


Q 



9 

z 


1 
i 


n 
u 


r^KA 


1 


b 


ol6q4 
Z O 


1 

iz 


iz 





i 


n 
U 




"6 "4/6 


1 
i 


b 


ol4q4 
Z o 


1 1 
11 


10 


q 



1 
1 


n 
u 




"6 "4 72 

^2 j4 f 
«6"4/4 


1 
i 


Q 



Z o 


1 n 


ID 


4 


1 
1 


u 






z 


ib 


9l9q2 
Z o 


1 n 
iU 


1 Q 
io 


4 
4 


1 
i 


U 




^2 j3 ^ f 
"6"4/l2 


i 


iz 


o14q3 

z o 


y 


18 


/I 
4 


-1 

i 





uoy 


iZ 


4 
4 


9l4q3 
Z o 


Q 




1 /I 

14 


Q 



1 


n 
U 




"6520 


/I 
4 




z 


Z C) 








9 
Z 


1 


U 


boi 


J ^2 j3 j?2 

«6"4Jin 


1 


1 

iz 


o15q2 
Z O 







1 n 

ly 


b 


-1 

i 





Ubz 



z 


Q 




ol5 Q 
z o 


7 

( 


01 
Zi 


4 


i 


n 
U 




"6«4/l4 






b 


9l3q2 
Z o 


D 


lo 


4 
4 


1 
i 


n 
u 


r^RA 

<^D4 


/I rl2„ 

"6"45l8 


00 




z 


OlOq4 
Z C) 


c 



1 
IZ 


q 



1 


n 
U 




rl rl r, f 

"6"45l6/6 


79 
( Z 


1 
i 


9l2q3 
Z o 


A 
4 


1 /I 
14 


A 
4 


1 
i 


n 
u 




4/1^3 


ODib 


z 


o8 04 1 o 
Z 3 io 


Q 



D 


Z 


i 





ud ( 






1 Q/1 /I 
io44 


o23q27 
Z / 


Q 



Z 


1 


U 


U 


CHS 


CI4 


1 
i 


liOZ 


923 q2 
z 


Q 



q 



1 
1 


n 
u 


u 


uoy 


^8 
04 


1 


oob 


9200 7 
Z 0. / 


Q 



Z 


1 


U 


U 




"4/8 


A 

4 


4o 


9l8q 
Z 


D 


7 
( 




z 


U 


U 




"4/8 


1 
i 


4o 


9l6q 
Z 


D 


Q 

y 


9 
Z 


U 


n 
u 


C70 


^4 J X 
"404/12 





OA 
Z4 


9l4q2 

Z 


c 



1 n 
lU 


9 

z 


U 


n 
U 


U / o 


"4/12 


1 
i 


du 


9l2q c; 

Z 0.0 





D 


1 


U 


U 


U / 4 


^4 _ 
«45l6 


Q 



OA 
Z4 


9l8q 
Z 


/I 
4 


7 
( 




z 


U 


U 


r^7c; 

U ( 


^4 # 
"4/I6 

"4yi8/2 
1^4^24 


Q 






9I4 
z 


4 


1 A 

14 




z 


U 


U 




C 


« 

u 


9lOq2 
z 


Q 



-LO 


9 
z 


n 


n 

u 


C77 


6 


2 


2I532 


2 


6 


1 








C78 


^4^24 


3 


2 


2IO32 


2 


8 


1 








C79 


4/1 


16 


72 


2II32 


2 


8 


1 








C80 


d^f^ 


168 


8 


2^3.7 


1 


8 


2 








C81 


932 


1 


1 


2^3.5.31 





1 











C82 


?^32 


1 


1 


215325.7.3I 





1 











C83 




20160 


2 


215325.7 





2 











C84 


/I 


256 


336 


2123.7 





2 











C85 


fl6 
72 


2 


11520 


2^325 





3 
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Table V: The groups Gq for the components mentioned in Tables |n|, 



III 



and 



IV. 



Component 


Go 


Go 




2"'-\S{m) 


2™-im! 




L,{2) 


168 




GA^{2) 


1344 


fn 


1 


1 


9m 


2^ 


16 


918 


m 


3 


920 


M20 


2^3.5 


921 


M21 


26325.7 


922 


M22 


2'^325.7.11 


924 


M24 


2IO335.7.II.23 


/i24 


2^ : 35(6) 


29335 


924 


26.(5(3) X 22) 


2^3 


924 


22 X 5(4) 


2^3 
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Figure 3: Generator matrices for the [32,16,8] Type II codes C83 = gf^, C84 = /|+ and 
C85 = f^^+. 

1 1 1010001 1 1010000000000000000000 
10110100101101000000000000000000 
10011010100110100000000000000000 
10001 101 10001 1010000000000000000 
00000000000000001 101100011011000 
00000000000000001010110010101100 
00000000000000001001011010010110 
00000000000000001000101110001011 
11011000110110001101100000000000 
10101100101011001010110000000000 
10010110100101101001011000000000 
10001011100010111000101100000000 
00000000111010001110100011101000 
00000000101101001011010010110100 
00000000100110101001101010011010 
00000000100011011000110110001101 

11101000000000001110100011101000 
10110100000000001011010010110100 
10011010000000001001101010011010 
10001101000000001000110110001101 
OOOOOOOOIUOIOOOUIOIOOOIOUOIOO 
00000000101101001011010010011010 
00000000100110101001101010001101 
0000000010001 101 1000 110111000110 
1 101 10001 101 10001 101 100000000000 
10101100101011001010110000000000 
10010110100101101001011000000000 
10001011100010111000101100000000 
1 101100010110001000000001 101 1000 
10101100110110000000000010101100 
10010110101011000000000010010110 

loooioiuooiouoooooooooioooiou 

10000000000000001 1 11 100010001000 
01000000000000001111010001000100 
00100000000000001111001000100010 
00010000000000001111000100010001 
000010000000000010001 1 1 110001000 
000001000000000001001 1 1 101000100 
00000010000000000010111100100010 
00000001000000000001111100010001 
0000000010000000100010001 1 1 1 1000 
00000000010000000100010011110100 
00000000001000000010001011110010 
00000000000100000001000111110001 
00000000000010001000100010001111 
00000000000001000100010001001111 
00000000000000100010001000101111 
0000000000000001000100010001 1111 
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Table VI: 



Biliary s(;lf-(iuMl codes with n < 22. d > -I 



n 


Code 


Compts. 


Name 


\Gi\ 


1^2! 


A4 


Ag 


^8 


^10 


Au 


Generators for glue 





Cl(d32) 


^0 


- 


1 


1 












- 


8 


C2(d24) 


eg 


^8 


1 


1 


14 





1 






- 


12 


C3(d2o) 


di2 


Bu 


1 


1 


15 


32 


15 





1 


a 


14 


C4(di8) 






1 


2 


14 


49 


49 


14 





dd 


16 


C5(di6) 


dw 




1 


1 


28 





198 





28 


a 




C6{di6) 


^8 


As® As 


1 


2 


28 





198 





28 










■^16 


1 


2 


12 


64 


102 


64 


12 


(ab) 


18 


C8(di4) 


dioejfi 


hs 


1 


1 


17 


51 


187 


187 


51 


aoA, cd- 




C9(di4) 


dl 


His 


1 


6 


9 


75 


171 


171 


75 


{abc),bbb 


20 


C3(di2) 


d20 


J20 


1 


1 


45 





210 


512 


210 


a 




C10(di2) 


dues 


As e Bu 


1 


1 


29 


32 


226 


448 


226 


a- 




Cll(di2) 


duds 


K20 


1 


1 


21 


48 


234 


416 


234 


(ab) 




C12(di2) 




S20 


1 


2 


13 


64 


242 


384 


242 


{ab)x, bby 




C13(cii2) 


e^de 


L20 


1 


2 


17 


56 


238 


400 


238 


doa, ddb 




C14(di2) 


dlf2 


R20 


1 


6 


9 


72 


246 


368 


246 


aaaA, cccB, {abc)- 




C15(di2) 


dl 


M20 


1 


120 


5 


80 


250 


352 


250 


(ooxyx) 


22 


C8(dio) 


duCiTfi 


N22 


1 


1 


28 


49 


246 


700 


700 


aoA, bdA 




C16(dio) 


diof2 


P22 


1 


2 


20 


57 


270 


676 


676 


(ao)*, cc- 




C17(dio) 




Q22 


1 


2 


16 


61 


282 


664 


664 


aoc, oaa, bbb 




C18(dio) 


egef 


Es e Du 


1 


2 


28 


49 


246 


700 


700 


-dd 




C19(dio) 


dserdefi 


R22 


1 


1 


16 


61 


282 


664 


664 


odbA, boaA, aob- 




C20(ciio) 


dsdlh 


S22 


1 


2 


12 


65 


294 


652 


652 


baoA, aooAB, abb-, 




C21(dio) 


dldlh 


T22 


1 


4 


8 


69 


306 


640 


640 


occ- 

aoxoA, ooyyAB, 
























aayo-, bozx-, obxz- 




C22(dio) 


dih 


U22 


6 


24 


4 


73 


318 


628 


628 


oxyzBC, ozxyAC, 
























ooxxAE, oyoyAD, 
























ozzoAF, XXXX-, 
























yyyy- 




C23(ciio) 


922 


G22 


2 


1 





77 


330 


616 


616 


the all-ones vector 
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Table VII: 

Binary self-dual codes with length 24 and d > 4 



Code Components Name d Code Components Name d 



C2fes) 


(io/i S 




4 


C32(d8) 


d^ei fo 




4 


cefes) 






4 


C33(d8) 


(JjQCia lA 


R2A 


4 


C7{ds) 


dieds 


H2A 


4 


C34(d8) 


4^4 


T24 


4 


C10(e8) 


dh^ 


A2A 


4 


C35(d8) 


67^64/1 


-P24 


4 


Cll(4) 


dh 




4 


C26(e8) 




1^24 


4 


C12(4) 


di2dsd4. 


hi 


4 


C36((i8) 


4 


(324 


4 


C18(e8) 


dioe^ § 


B24 


4 


037(4) 


dldQdif2 

dldlf2 

d&dlfQ 


5'24 


4 


C19(d8) 


dioe-id^fi 


K24 


4 


C38((i8) 


C/24 


4 


C20(d8) 


diodlf2 


N24 


4 


C39((i8) 


1^24 


4 


C24(e8) 


p3 8 




4 


C27(e8) 


dl § 


-^24 


4 


C25(4) 


68^8 




4 


040(4) 


dl 


V24 


4 


C25(e8) 


4§ 


C24 


4 


041(4) 


dih 


-^^24 


4 


C29((i8) 






4 


C42(4) 


dlgie 


Y24 


4 


C30(d8) 




M24 


4 


043(4) 


h2i 


■^24 


6 


C31(4) 




O24 


4 


028(68) 


524 § 


G24 


8 



Table VIII: Indecomposable ternary self-dual codes of lengths n < 20 



n 


Components 


\Go\ 


ICil 


IG2I 


d 


glue 


4 


u 




48 


1 


1 


3 




8 
12 


^3 


6^ 


2 


24 


3 


aaaO, Oaaa 




512 


190080 


1 


1 


6 




16 


i4f4 


)+ 


6ll 


8 


24 


3 


(a000)(2111) 






62.360 


4 


2 


3 


aOx, Oay 




(esPis)"*" 


6.5616 


2 


1 


3 


ato 




f2+ 


l2 


2'^. 168 


2 


6 




20 


17 codes 














- see 


242] 
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Table IX: Indecomposable Hermitian self-dual codes over F4 of lengths n < 16 



Ti 


(1 n m n n 11 p n f ^ 

V_> W l-Ll VJ J-l Cl J. u 


l^ul 


IG1 1 


1 ^2 1 


d 


Glue 


9 
A 


'2 


1 9 


1 


1 


Li 




w 


ha 


91 60 


1 

± 


1 

± 


A 




Q 




8064 


1 

± 


1 

± 


4 




10 




2l5! 


6 


1 


4 


d 




65 


602 


6 


2 


4 


11 


12 




2^6! 


6 


1 


4 


a 




(6765) + 


60.168 


6 


1 


4 


11 






242 


6 


2 


4 


(M) 






43 


54 


6 


4 


(Ode) 


14 




2^.7! 


6 


1 


4 


d 




e2+ 


168^ 


6 


2 


4 


11 




(^^865/1)+ 


23.4160 


6 


1 


4 


d01,elO 




(eid4)+ 


4.60^ 


18 


2 


4 


Old, lOe 




(44)+ 


2341223! 


6 


1 


4 


a6, hd 




(di/2)+ 


(22.31)2 


6 


2 


4 


(dO)ll,6&a;uJ 




(4^1)+ 


42223! 


18 


2 


4 


666, aOd, cdO 




(4/2)+ 


43 


6 


6 


4 


00011,000(^0^, 660cjcIJ, 066cUl 




(cill6)+ 


42 


108 


2 


4 


600011a;w,oOOuJcJllO, 














0601u;01u;,0a011a;a;0 






6552 


1 


1 


6 




16 


31 codes 














(see 11) 
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Table X: Highest minimal distance of binary self-dual codes 



n 

~2~ 
4 
6 
8 

10 
12 
14 
16 
18 
20 
22 
24 
26 
28 
30 
32 
34 
36 
38 
40 
42 
44 
46 
48 
50 
52 
54 

56 10 

58 

60 

62 10 

64 

66 

68 

70 12 
72 12 



di_ 

2 

2 

2 

2 

2 

4 

4 

4 

4 

4 

6 

6 

6 

6 

6 



dii 



10 
10 
10 
10 
10 

or 12 

10 

12 

or 12 
12 
12 
12 

or 14 
or 14 



12 



12 



12 



Codes 

«2- 



4; es- 

il, 68^2 • 



d 



12- 

2+ 



dt,, 



dt, (dioe7/i)+. 
7 codes (Table |l|). 

522- 

^24? 524- 



3 codes 1 62] 



13 codes m, m. 

3 codes |6|]; 5 codes (Table g). 

> 200 

> 2 

> 3 



> 22; > 1000 (see text for references) 



> 30 PI 

> 108JI 

> 1 III 

> 7; > 1 (XQ47) 

> 6 

> 499 IH] 

> 54 

?; > 166 



> 80 1|3| 

> 5 
? 

> 5; > 3270 

> 3 

> 65 

? mi], |276] 



12 or 16 ?; ? 
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Table XI: Double circulant binary codes 





Ti 


k 


d 


522 




i_ ± 


R 
U 


524 


94 


1 9 


Q 
O 


^26 — /l3 


9fi 




u 


^28 — 


98 


1 4 





D9 




1 7 





uo 


ou 


1 S 
io 


c 
o 


DA 


oo 


1 Q 


o 
o 


UD 




9n 


c 
o 






9n 


Q 

o 


u t 


4n 


9n 


Q 
O 


UO 


44 


22 


8 


D9 


50 


25 


10 


DIO 


52 


26 


10 


Dll 


56 


28 


12 


D12 


58 


29 


10 


D12a 


58 


29 


10 


D13 


60 


30 


12 


D14 


64 


32 


12 


D15 


64 


32 


12 


D16 


66 


33 


12 


D17 


68 


34 


12 


D18* 


72 


36 


12 


D19* 


74 


37 


12 


D20* 


82 


41 


12 


H86 


86 


43 


16 


M88 


88 


44 


16 


M136 


136 


68 


24 



Type Form r (hexadecimal) 



97 
B7 
5F7 
8D 

lECE 

2C6B 

5793 

57EB 

11E35 

B393 

5E6B5 

31C4D 
57F69D 
ADFIFF 
D5A89B 
2DD1D3 
3EF6B77 
427BD0B 
2EF3DD75 
B2D97D9 
1F5C885F 
2B8795E5 
1439372C7 
A464B919B 
7F7101712E2 
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Table XII: Highest minimal distance of ternary self-dual codes 



n 


d 


4 


3 


8 


3 


12 


6 


16 


6 


20 


6 


24 


9 


28 


9 


32 


9 




1 9 


40 


12 


44 


12 


48 


15 


52 


12 or 15 


56 


15 


60 


18 


64 


18 


68 


15 or 18 


72 


18 



Codes 

E4. 

912- 

f2+ 

6 codes 

XQ23, 5(24)jm 

>32 m, iijTiiTi], m] 

> 239 [|14§1 

> 1 (^(36)) 



> 20 plj , (7|], |2|], 1T4|] 

> 8 112311 

>2 (XQ47,S(48)) 
? 

> 1 

>2 (XQ59,S(60)) 

> 1 II, 

? 

>1 (XQnQ) 



Table XIII: Highest minimal distance of Hermitian self-dual codes over F4 



n 


d 


2 


2 


4 


2 


6 


4 


8 


4 


10 


4 


12 


4 


14 


6 


16 


6 


18 


8 


20 


8 


22 


8 


24 


8 


26 


8 or 10 


28 


10 


30 


12 


32 


? 



Codes 



/ifi. 



=2+ 



"10 ' _ 
5 codes (Table 

qu- 

4 codes H]. 
S18 |148|. 
2 codes [11481. 



> 38 codes 

> 1 code 
? 

> 3 codes [ 

XQ29 
? 



1431 , p5[| 



143], |145| 



189| ] 
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Table XIV: Highest minimal distance of additive self-dual codes over F4 



n 


d 


Codes 


n 


d 


Codes 


1 


1 


ii- 


16 


6 


> 4 codes |64|] 


2 


2 




17 


7 




3 


2 


4- 


18 


8 




4 


2 


3 codes. 


19 


7 




5 


3 


/l5. 


20 


8 


> 2 codes |145] 


6 


4 


fle- 


21 


8 


C21 


7 


3 




22 


8 


> 38 codes [143 


8 


4 


es 


23 


8-9 


C23 


9 


4 


eg 


24 


8-10 


524 F4 


10 


4 


"10 ' ^5 


25 


8-9 


C25 


11 


5 




26 


8-10 




12 


6 


^;i2- 


27 


9-10 




13 


5 




28 


10 




14 


6 


gi4 


29 


11 




15 


6 


Cl5 


30 


12 


-^Q29 



Table XV: Generators for cyclic additive codes over F4 

eg (wlOlOOlOl) 

ci5 (wllOlOlOOlOlOll) 

C21 (uJuJlwOOllllOlOllOllOOO), (101110010111001011100) 

C23 (cjOlOllllOOOOOOOOllllOlO) 

C25 (UlOlOwOlOlllOOOOOOOOOOOO) 
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Table XVI: Highest Hamming distance (dn), Lee distance {di) and Euclidean norm (Norm) 
of self-dual codes over Z4 



Length 




Hamming 




Lee 






Norm 




n 


dfj 


code 


# 


dj 


code 


/ / 


Norm 


code 


/ / 


1 


1 


ii 


1 


2 


i^ 


1 


4 


ii 




1 


2 


1 


1 


1 


2 


"1 


1 


4 






1 


3 


1 


i 


1 


2 


'1 


1 


4 


,•3 




1 


4 


2 


4 


1 


4 




1 


4 


n 




2 


5 


1 




2 


2 




2 


4 


,•5 




2 


6 


2 




1 


4 




1 


4 


,•6 




3 


7 


3 




1 


4 


Et 


1 


4 


*1 




4 


8 


4 


08 


2 


6 


OS 


1 


8 


OS 




1 


9 


1 




11 


2 




11 


4 


,•9 




11 


10 


2 




5 


4 


i^4®^6® 


5 


4 


,■10 




16 


11 


2 




3 


4 


1)4® ^7+ 


3 


4 


^1 




19 


12 


2 




39 


4 


Dfos 


39 


8 


[95 




19 


13 


2 




8 


4 




8 


4 


,•13 




66 


14 


3 




4 


6 


PI 


1 


8 


[95 


1 


35 


15 


3 


E+08 


47 


6 


[95| 


15 


8 


[95 
0^ 




28 


16 


4 




> 1 


8 


C16 


> 5 


8 




> 5 


17 


4 


Cir 


62 


6 


Cl7 


> 17 


8 


Ci7 


> 17 


18 


4 


Cl8 


66 


8 


C18 


7 


8 


C18 


> 39 


19 


3 


Gig 


> 1 


6 


Cig 


> 1 


8 




> 1 


20 


4 


^20 


> 1 


8 


^20 


> 1 


8 


^20 


> 1 


21 


5 


G21 


384 


8 


G21 


384 


8 


^21 


> 384 


22 


6 


G22 


> 19367 


8 


G22 


> 19367 


8 


G22 


> 19367 


23 


7 


G23 


> 1.72 X 10^ 


10 


G23 


30 


12 


G23 


> 30 


24 


8 


G2A 


> 1.47 X 10^ 


12 


G24 


13 


16 


G2A 


> 50 



113 



The bibliography uses the following abbreviations for journals: 

DCC = Designs, Codes and Cryptography 

DM = Discrete Mathematics 

JCT = Journal of Combinatorial Theory 

PGIT = IEEE Transactions on Information Theory 
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